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The article provides full-analytic gravitational wave (GW) forms for eccentric nonspinning com-
pact binaries of arbitrary mass ratio in the time Fourier domain. The semi-analytical property
of recent descriptions, i.e. the demand of inverting the higher-order Kepler equation numerically
but keeping all other computations analytic, is avoided for the first time.
The article is a completion of a previous one (Tessmer and Schäfer, Phys. Rev. D 82,
124064 (2010)) to second post-Newtonian (2PN) order in the harmonic GW amplitude and
conservative orbital dynamics. A fully analytical inversion formula of the Kepler equation in
harmonic coordinates is provided, as well as the analytic time Fourier expansion of trigonometric
functions of the eccentric anomaly in terms of sines and cosines of the mean anomaly. Tail terms
are not considered.
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1 Introduction
In our previous article [1] – it will be called “paper 1” from now onwards – we provided the Fourier
domain gravitational wave (GW) forms including the first post-Newtonian (1PN) corrections to
the leading order quadrupolar contribution and 1PN corrections to the Newtonian accurate orbital
dynamics in terms of tensor spherical harmonics. In this article, we complete the amplitude to
2PN order in harmonic coordinates and we include 2PN orbital dynamics as well. We regard
nonspinning compact binaries with arbitrary mass ratio in quasi-elliptical orbits, where the orbital
dynamics is well-known. Earlier works provided the solution to the evolution equations in terms
of a Keplerian parameterization, perturbed by their post-Newtonian corrections. The result is
the so-called quasi-Keplerian parameterization (QKP), to be found, e.g. in [2, 3, 4], which will
be one basic for this article. 2PN corrections to the GW amplitude in the limit of non-spinning
binaries are also dealt with in [5] where the wave forms are provided with the help of a quasi-
Keplerian parameterization, and recently, including spin, in [6] where the results are given in
terms of coordinate velocities. We like to improve the use of those wave forms as we provide
them as pure series of harmonics in the time Fourier domain, as this is one step closer to data
analysis investigations. Let us now briefly summarise why 2PN corrections and the inclusion of
eccentric orbits are necessary. Current data analysis investigation showed that, even for circular
inspirals, the inclusion of 2PN orbital dynamics is necessary to guarantee a successful detection of
the GW signal [4, 7, 8]. Authors of a recent publication [9] investigated certain equal-mass black
hole binaries in the millisecond GW frequency range in rotating clusters and stated parameter
estimation errors for the initial eccentricity of ∼ 10−7 for LISA. Therefore we claim that to
perform an eccentric GW analysis for LISA is demanded. The GW energy flux in terms of its
harmonic constitutive parts, was given to 1PN order, in the extreme mass-ratio regime, for the
first time – to our best knowledge – in [10]. First attempts, however, for a time Fourier domain
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(TFD) of eccentric h+ and h×, the two polarizations of the far-zone GW field, have been made
in Reference [11] where the periastron advance has been incorporated by hand and the stationary
phase approximation has come into use, in [12] and [13], where a spectral analysis for steady-state
binaries in the simple case of Newtonian motion and amplitude has been performed.
Recently in [14], the authors furnished Newtonian accurate TFD wave forms as they incorpo-
rated the sine and cosine functions of the eccentric anomaly as Fourier–Bessel series. Taking as
starting point h+ and h× themselves, having evaluated all appearing scalars (such as, for example,
the scalar product of the basic vectors of the plane of the sky with the orbital velocity vector)
being evaluated explicitly, would lead to rather complicated relations of rotation angles connect-
ing the orientation of the binary’s orbital plane with respect to the position of the observer (see,
e.g. [15], and – including spin precession – [16] for higher orders of h+ and h×) and this is not
well-suited for a systematic TFD representation at higher orders.
The problem of nonspinning compact binaries implies the conservation of the direction of the
orbital angular momentum h, thus, it qualifies for a representation with the help of tensor spherical
harmonics [17, 18, 19]. Reference [20] provided 1PN accurate spherical tensor components for
nonspinning compact binaries in quasi-elliptic orbits (and quasi-hyperbolic ones as well) that we
are on to verify in this article. Irrespective of the observer’s orientation, the form the GW signal
can be expressed with the help of these spherical tensor components and applied to give the
polarizations h+ and h× [21] afterwards with the help of constant rotations.
We provide an analytical expression of the eccentric anomaly u in terms of the mean anomaly
M, and do likewise for the sines and cosines of arbitrary integer multiples of u at full 2PN order.
By means of this, we are able to express the spherical tensor components in terms of infinite series
in harmonics of the elapsed time. To which order the infinite summations have to be driven will
be investigated. Similarly to Reference [22], tail terms occurring through 2PN order will not be
discussed.
1.1 Organisation of the paper
The paper is organized in the following way. Section 2 collects the orbital elements of the quasi-
Keplerian presentation of the 2PN-accurate orbital motion in harmonic coordinates. Section 3
summarizes the transverse-traceless (TT) projection of the far-zone GW field up to 2PN order
corrections to the leading-order quadrupole field. The time derivatives of the source multipole
moments are computed using expressions for the particle accelerations known from the literature,
and the scalar components are projected out with the help of TT tensors in Section 4. The vital
components of the Fourier decomposition, here at 2PN accuracy, of the GW field are summarized
in Section 5 and the Fourier domain multipoles, incorporating purely 2PN conservative dynamics,
are given structurally in its Subsection 5.5. The full explicit expressions can be found in Appendix
D.
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1.2 Notation
An overview of the quantities which are in use in this paper is given in form of a table of their
associated abbreviations and scalings.
u: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . eccentric anomaly
M: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mean anomaly
h: . . . . . . . . . . . . . . . . . . . . . . . . . . . . .orbital vectorial angular momentum, h := |h|
xPN: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xth post Newtonian
r . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . radial separation of the binary components
er . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . “radial eccentricity”
et . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . “time eccentricity”
eφ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . “phase eccentricity”
ar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . semimajor axis
φ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . orbital phase
v . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . true anomaly
Φ . . . . . . . . . . . . . . . . . . total phase elapsed from a periastron to periastron time
N .mean motion, N := 2πP where P is the time from periastron to periastron
K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . periastron advance parameter, K := Φ−2π2π
η symmetric mass ratio, η := m1 m2m2 , m = m1 +m2 as the sum of the masses
δm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . the difference in the masses, δm := m1 −m2
|E| . . . . . . . . . . . . . . . . . . . . . . . .absolute value of the scaled orbital binding energy
G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Newtons gravitational constant
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . speed of light
Multiple indices are used according to Thorne and Blanchet [17, 23] . In the final form of our
results, energies are scaled with µc2, separations with Gmc2 , momenta with µc and times with
Gm
c3 ,
such that all quantities are dimensionless. Lower index “0” labels the value of a quantity at time
t = t0.
Schematic prescription of our calculation
For convenience, we show a flow diagram of our computation. Preliminary results have been
surrounded by boxes.
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far-zone field: TD’s (=time derivatives) of STF multipole moments IL and JL
⇓
to compute time derivatives: use quasi-Keplerian parameterisation
to deal with scalars only: transform to spherical tensor components I lm and Slm
⇓
TD’s of I lm and Slm as functions of eccentric anomaly u
⇓
decompose and sort appropriately
⇓
TD’s of I lm and Slm: sum of even and odd functions of u
⇓
convert (symbolically)
even terms:
∑
m≥0 cm cosmu,
odd terms:
∑
m>0 sm sinmu,
⇓
TD’s of I lm and Slm: sum of trigonometrics of mu over positive m
⇓
convert (symbolically)
cosmu:
∑
j≥0 γj cos jM,
sinmu:
∑
j>0 σj sin jM,
(m ∈ N)
⇓
TD’s of I lm and Slm: sum of trigonometrics of jM over positive j
⇓
Fourier transform: straightforwardly performed.
The single steps are being detailled below.
2 The binary orbital motion: 2PN accurate Quasi-Keplerian pa-
rameterization
To compute the time derivatives of the multipole moments which we do in harmonic coordinates,
we take the orbital parameterization at 2PN from [3],
r = ar (1− er cosu) , (1)
M≡ N (t− t0) = u− et sinu+ ǫ4 [Fv−u (v − u) + Fv sin v] , (2)
2 π
Φ
(φ− φ0) = v +
(
ǫ4f4φ
)
sin 2v +
(
ǫ4g4φ
)
sin 3v , (3)
where v = 2 arctan
[(
1+eφ
1−eφ
)1/2
tan u2
]
. The explicit 2PN accurate expressions for the orbital ele-
ments and functions of the generalized quasi-Keplerian parameterization, in harmonic coordinates,
read
ar =
1
(2|E|)
{
1 + ǫ2
(2|E|)
4
(−7 + η) + ǫ4 (2|E|)
2
16
[
1 + η2 +
16
(2|E|h2) (−4 + 7 η)
]}
, (4)
er
2 = 1− 2|E|h2 + ǫ2 (2|E|)
4
{
24− 4 η + 5 (−3 + η) (2|E|h2)
}
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+ ǫ4
(2|E|)2
8
{
60 + 148 η + 2 η2 − (2|E|h2) (80− 45 η + 4 η2)+ 32
(2|E|h2) (4− 7 η)
}
, (5)
N = (2|E|)3/2
{
1 + ǫ2
(2|E|)
8
(−15 + η) + ǫ4 (2|E|)
2
128
[
555 + 30 η
+ 11 η2 +
192√
(2|E|h2) (−5 + 2 η)
]}
, (6)
K = ǫ2 6|E|Wet2︸ ︷︷ ︸
K1PN
+ǫ4
−3|E|2 ((9η − 22)e2t + 9η − 21)
Wet4︸ ︷︷ ︸
K2PN
, (7)
et
2 = 1− 2|E|h2 + ǫ2 (2|E|)
4
{
− 8 + 8 η − (2|E|h2)(−17 + 7 η)
}
+ ǫ4
(2|E|)2
8
{
12 + 72 η + 20 η2 − 24
√
(2|E|h2) (−5 + 2 η)
− (2|E|h2)(112− 47 η + 16 η2)− 16
(2|E|h2) (−4 + 7 η)
+
24√
(2|E|h2) (−5 + 2 η)
}
, (8)
Fv−u = −3(2|E|)
2
2
{
1√
(2|E|h2) (−5 + 2 η)
}
, (9)
Fv = − (2|E|)
2
8
{√
1−2|E|h2√
(2|E|h2) η (−15 + η)
}
, (10)
Φ = 2 π
{
1 + ǫ2
3
h2
+ ǫ4
(2|E|)2
4
[
3
(2|E|h2) (−5 + 2 η)−
15
(2|E|h2)2 (−7 + 2 η)
]}
, (11)
f4φ =
(2|E|)2
8
{
1−2|E|h2
(2|E|h2)2
(
1 + 19 η − 3 η2)} , (12)
g4φ = − (2|E|)
2
32
{(
1−2|E|h2)3/2
(2|E|h2)2 η (−1 + 3 η)
}
, (13)
eφ
2 = 1− 2|E|h2 + ǫ2 (2|E|)
4
{
24 + (2|E|h2)(−15 + η)
}
+ ǫ4
(2|E|)2
16
{
− 40 + 34 η + 18 η2 − (2|E|h2)(160− 31 η + 3 η2)
− 1
(2|E|h2) (−416 + 91 η + 15 η
2)
}
, (14)
where we introduced the abbreviation
Wet :=
√
1− e2t . (15)
There are 2PN accurate relations connecting the three eccentricities er, et and eφ. These relations
read
et = er
{
1 +
(2|E|)
2c2
(3η − 8) + (2|E|)
2
4c4
1
(2|E|h2)
[
− 16 + 28η
+(−30 + 12η)
√
(2|E|h2) + (36− 19η + 6η2)(2|E|h2)
]}
, (16a)
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eφ = er
{
1 + ǫ2
(2|E|)
2
η + ǫ4
(2|E|)2
32
1
(2|E|h2)
[
160 + 357η − 15η2
+(−η + 11η2)(2|E|h2)
]}
. (16b)
Note that the set (|E|, et, φ0) is completely sufficient to describe the initial data of the system in
its plane perpendicular to h, thus, we eliminate h for the benefit of et in each expression with
the help of Equation (8). We could also have worked with the QKP in ADM coordinates, but
this would have implied a transformation of the multipole moments. Reference [22] provided this
transformation for non-spinning compact binaries, coming from a change in the positions x and
the velocities v at 2PN. Reference [24] supplied the associated spin-dependent terms to 2PN (as
we count the spins of order O(ǫ0)). Working in harmonic coordinates makes life more easy as
harmonic coordinates are a kind of “natural environment” for the GW prescription and, there,
those transformations disappear. In the next section, we list the relevant GW moments and their
time derivatives (thanks to the work of Blanchet, Damour and Iyer [23, 25, 21]. Reviews of this
subject can be found in [19] and [26]).
3 The relevant multipoles and their time derivatives in harmonic
coordinates
The far-zone regime GW forms, regarding only the instantaneous (non-tail) parts, can be expressed
in terms of the mass- and current-type multipole moments [17, 21],
hTTkm(R, t) =
G
c4R
Pkmij(N)
∞∑
l=2
[(
1
c
)l−2 (
4
l!
)
(l)
I ijAl−2 (t−R/c)NAl−2
+
(
1
c
)l−1(
8l
(l + 1)!
)
ǫpq(i
(l)
J j)pAl−2 (t−R/c)NqAl−2
]
. (17)
Here, Al is a multi-index with Al ≡ a1...al, indices with round brackets are symmetrized over, viz.
for example A(ij) ≡ 12 (Aij +Aji), and the following definitions came to use:
R := NR , (18)
IAl−2 := Ia1...al−2 , (19)
NAl−2 := Na1 . . . Nal−2 , (20)
Pijkl(N) := (δik −Nik)(δjl −Njl)− 1
2
(δij −Nij)(δkl −Nkl) . (21)
R denotes the distance from the observer to the binary. The quantity N with multiple indices is a
tensor product of components Ni of the normal vector N (representing the line of sight from the
observer to the center of mass of the binary) from Na1 to Nal−2 , and the superscript (l) denotes
the lth time derivative. In the current case of 2PN accurate orbital dynamics, we have to evaluate
the GW amplitude, Equation (17), consistently to 2PN order relative to the leading term, which
kicks in at ǫ4. The mass-type multipoles relevant for the above equation read [22]
Iij = µ STFij
{
xij
[
1 +
+
1
42 c2
(
(29− 87η)v2 − (30− 48η)Gm
r
)
+
1
c4
(
1
504
(253− 1835η + 3545η2)v4
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+
1
756
(2021− 5947η − 4883η2)Gm
r
v2
− 1
756
(131− 907η + 1273η2)Gm
r
r˙2
− 1
252
(355 + 1906η − 337η2)G
2m2
r2
)]
− xivj
[
rr˙
42 c2
(24− 72η)
+
rr˙
c4
(
1
63
(26− 202η + 418η2)v2
+
1
378
(1085− 4057η − 1463η2)Gm
r
)]
+ vij
[
r2
21 c2
(11− 33η)
+
r2
c4
(
1
126
(41− 337η + 733η2)v2
+
5
63
(1− 5η + 5η2)r˙2
+
1
189
(742− 335η − 985η2)Gm
r
)]}
, (22)
Iijk = −
(
µ
δm
m
)
STFijk
{
xijk
[
1 +
1
6 c2
(
(5 − 19η)v2 − (5− 13η)Gm
r
)]
− xijvk
[
rr˙
c2
(1− 2η)
]
+ xivjk
[
r2
c2
(1− 2η)
]}
, (23)
Iijkl = µ STFijkl
{
xijkl
[
(1− 3η)
+
1
110 c2
(
(103− 735η + 1395η2)v2
− (100− 610η + 1050η2)Gm
r
)]
− vixjkl
{
72 r r˙
55 c2
(1− 5η + 5η2)
}
+ vijxkl
{
78 r2
55 c2
(1− 5η + 5η2)
}}
, (24)
Iijklm = −
(
µ
δm
m
)
(1− 2η)STFijklm
{
xijklm
}
, (25)
Iijklmn = µ(1− 5η + 5η2)STFijklmn
{
xijklmn
}
. (26)
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The current-type moments read
Jij = −
(
µ
δm
m
)
STFijǫjab
{
xiavb
[
1 +
1
28 c2
(
(13− 68η)v2
+(54 + 60η)
Gm
r
)]
+ vibxa
[
r r˙
28 c2
(5− 10η)
]}
, (27)
Jijkl = −
(
µ
δm
m
(1− 2η)
)
STFijkl
{
ǫlab x
aijkvb
}
, (28)
Jijklm =
(
µ (1− 5η + 5η2)) STFijklm {ǫmab xaijklvb} . (29)
The notation STFij... denotes the symmetric trace-free part of the tensor with indices ij... . The
GW amplitude, and from that computed, the far zone angular momentum and energy transport,
has been completed to 3PN in [27, 28, 29]. From Thorne’s paper [17], see his Equation (4.3), we
also extract that the GW amplitude can equivalently be expressed in terms of tensor spherical
harmonics,
hTTjk =
1
c4R
∞∑
l=2
+l∑
m=−l
[(
1
c
)l−2 (l)
I lm(t−R/c)TE2,lmjk (θ, φ)
+
(
1
c
)l−1 (l)
Slm(t−R/c)TB2,lmjk (θ, φ)
]
. (30)
The components I lm and Slm are projected out of Equation (17) with the help of the spherical
components Y lmAl . The basis transformation and the explicit representation of the Y
lm
Al
, taking the
direction of the orbital angular momentum as the preferred one, h = h ez, reads
I lm(t) =
16π
(2 l+ 1)!!
[
(l + 1)(l + 2)
2(l− 1)l
]1/2
IAl(t)Y lm∗Al , (31)
Slm(t) =
−32π
(l + 1)(2l+ 1)!!
[
(l + 1)(l + 2)
2(l− 1)l
]1/2
JAl(t)Y lm∗Al , (32)
Y lmAl
A
= (−1)m(2l − 1)!!
[
2l + 1
4π(l −m)! (l +m)!
]1/2 (
δ1〈i1 + iδ
2
〈i1
)
. . .
(
δ1im + iδ
2
im
)
δ3im+1 . . . δ
3
il〉
B
= (−1)m
(
2l+ 1
4π
(l −m)!
(l +m)!
)1/2 [ 12 (l−m)]∑
k=0
(−1)k(2l− 2k − 1)!!
(l −m− 2k)!(2k)!! ×
δ(i1i2 . . . δi2k−1i2k
(
δ1i2k+1 + iδ
2
i2k+1
)
. . .
(
δ1i2k+m + iδ
2
i2k+m
)
. . . δ3i2k+m+1 . . . δ
3
il)
, (33)
Y lm∗Al = (−1)mY
l |m|∗
Al
for (m < 0) , (34)
where the notation “ [x]” denotes the integer number which is the largest smaller than or equal to
x. From indices comprised by 〈 and 〉, the STF parts have to be taken. The number l tells us what
type of moment we have: quadrupole for l = 2, octupole for l = 3, hexadecapole for l = 4, . . . .
From Equation (34) we see that we only have to compute the moments for m = 0 . . . l. Equal
sign B above, taken from Appendix (A3) of [23], may be more practical for programming than A.
The relevant pure-spin tensor harmonics, TE2,lmjk and T
B2,lm
jk , are given in our Appendix C. The
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reader can find the 1PN outputs in [20], which we also used for our prequel paper. In case of 2PN
accurate conservative dynamics, the GW amplitude, consistently worked out to the same relative
order in c−1 = ǫ and having moved to our scaling, explicitly reads
hTTij =
ǫ4
R
{
2∑
m=−2
(2)
I2mTE2,2mij + ǫ
[
2∑
m=−2
(2)
S2mTB2,2mij +
3∑
m=−3
(3)
I3mTE2,3mij
]
+ǫ2
[
3∑
m=−3
(3)
S3mTB2,3mij +
4∑
m=−4
(4)
I4mTE2,4mij
]
+ǫ3
[
4∑
m=−4
(4)
S4mTB2,4mij +
5∑
m=−5
(5)
I5mTE2,5mij
]
+ǫ4
[
5∑
m=−5
(5)
S5mTB2,5mij +
6∑
m=−6
(6)
I6mTE2,6mij
]}
. (35)
To reach there, we first have to compute the lth time derivatives of the STF mass and current
moments. We obtain them by means of the accelerations for a compact binary in harmonic
coordinates to 2PN order, a = aN + a1PN + a2PN, (also taken from [22], written in their units),
aN = −Gm
r2
n12 , (36)
a1PN = − Gm
c2 r2
{[
−2(2 + η)Gm
r
+ (1 + 3η)v2 − 3
2
ηr˙2
]
n12 − 2(2− η)r˙v
}
, (37)
a2PN = −Gm
c4 r2
{[
3
4
(12 + 29η)
G2m2
r2
+ η(3− 4η)v4 + 15
8
η(1− 3η)r˙4
−3
2
η(3 − 4η)v2r˙2 − 1
2
η(13− 4η)Gm
r
v2 − (2 + 25η + 2η2)Gm
r
r˙2
]
n12
−1
2
[
η(15 + 4η)v2 − (4 + 41η + 8η2)Gm
r
− 3η(3 + 2η)r˙2
]
r˙v
}
. (38)
The results are lengthy, easily reproducible and needed only temporarily; thus, they are not listed
here. We employ the orbital parameterization, Equations (1) – (16b), to obtain the normal and
the velocity vector n12 and v in spherical coordinates, symbolically
r = n12 r , (39)
n12 = {cos(φ), sin(φ), 0} , (40)
v :=
dr
dt
=
[
∂r
∂u
] [
∂u
∂M
] [
∂M
∂t
]
. (41)
Equation (41) is to be computed with the help of the KE (2). Again, it is not necessary to provide
the velocity as functions of u and φ because these terms are easy to be reproduced. With this
input we can compute the spherical tensor components of Equation (35). The next section gives
the results, using the 2PN accurate QKP in harmonic coordinates.
4 The GW forms: tensor spherical components of hTTij
Defining
A(u) := 1− et cosu , (42)
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we get
(2)
I20 = 16
√
π
15
|E|µ
{
1− 1
A(u)
+ |E|ǫ2
[
−2(η − 26)W
2
et
7A(u)3
+
3(3η − 1)
14A(u)
+
2(η − 26)
7A(u)2
− 3
14
(3η − 1)
]
+ ǫ4|E|2
[
1
42
(5− η(11η + 16)) + 1
42W2etA(u)
(
252Wet(5 − 2η)
−(η(11η + 16)− 5) (e2t − 1)
)
+
1
126W2etA(u)2
(
((1877− 323η)η − 3682)e2t
+756Wet(2η − 5) + 323η2 + 1651η+ 1666
)
+
1
21A(u)3
(
(686− 2η(31η + 197))e2t
+η(41η + 625)− 1610
)
− W
2
et(η(1517η + 7549)− 8645)
126A(u)4
+
W4et(4η(79η + 179)− 217)
42A(u)5
]}
, (43)
(2)
I21 = 0 , (44)
(2)
I22 = 8
√
2π
5
|E|µe−2iφ
{
1
A(u)
− 1− 2W
2
et + 2iet sin(u)Wet
A(u)2
+ ǫ2|E|
[
3(1− 3η)
14A(u)
+
3
14
(3η − 1)
+
2
21 (15η − 82)W2et + 221 iet(6η − 79) sin(u)Wet
A(u)3
+A(u)−2
{
1
14(et − 1)
(
98η − 210
+et(35(5− 3η) + 3et(5et + 2)(3η − 1))
)− 1
14Wet
et
(
7
√
1 + et
1− et
(
(3− 9η)et2 + η + 5
)
+2i
(
(9η − 3)et2 + 19η − 25
)
sin(u)
)}]
+ǫ4|E|2
[
iet sin(u)
(
W3et
(
614η2 − 3710η + 427)
63A(u)5
− Wet(η(4049η + 3901)− 10016)
189A(u)4
−
(
(η(377η − 575) + 2200)e2t − η(3024Wet + 449η + 1933) + 7560Wet − 1132
)
63WetA(u)3
+
1
21W3etA(u)2
(
(η(11η + 16)− 5)e4t + 2(η(67η + 398) + 59)e2t + 252Wet(5− 2η)
−61η2 + 196η − 701
))
+
1
42
(η(11η + 16)− 5) +
6(2η−5)
Wet
+ 142 (5− η(11η + 16))
A(u)
+
1
126W2etA(u)2
(
6(η(11η + 16)− 5)e4t + (η(2063η + 7867) + 5038)e2t
−3780Wet(2η − 5)− 2129η2 + 2621η− 11056
)
+
(4(169− 64η)η − 766)e2t + 504Wet(2η − 5) + 373η2 + 1317η + 378
21A(u)3
+
W2et((1247− 12113η)η + 28061)
378A(u)4
+
W4et(16η(143η − 335) + 199)
126A(u)5
]}
, (45)
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(2)
S20 = 0 , (46)
(2)
S21 =
32
3
√
π
5
|E|3/2Wet η δme−iφ
{
1
A(u)2
+|E|ǫ2
[(
(675− 3639η)e2t + 3695η− 731
)
28W2etA(u)2
+
4(η − 1)
A(u)3
+A(u)−4
{ 1
14
W2et(2245− 2096η) +
1
7
iWet(2054η − 2077)et sin(u)
}]}
, (47)
(2)
S22 = 0 , (48)
(3)
I30 = 0 , (49)
(3)
I31 =
4i
√
10π
7 |E|3/2µWetδm
3m
e−iφ
{−6− 6iet sin(u)Wet
5A(u)
+
1
A(u)2
+|E|ǫ2
[
−
(
(5η − 7)e2t + 19η − 17
)− iWet(5η − 7)et sin(u)
10W2etA(u)
− (5η − 79)e
2
t − 45η + 119
20W2etA(u)2
+
−4Wet(η − 14)− 2i(4η − 17)et sin(u)
3WetA(u)3
+
3W2et(2η − 23)− 2iWet(η + 10)et sin(u)
5A(u)4
]}
, (50)
(3)
I32 = 0 , (51)
(3)
I33 = −20i
√
2π
21
|E|3/2Wetηδme−3iφ
{
1
A(u)2
− 8Wet (Wet + iet sin(u))
5A(u)3
+
− 65 − 2iet sin(u)5Wet
A(u)
+ |E|ǫ2
[
iWet(5η − 7)et sin(u)− 3(5η − 7)e2t − 57η + 51
30W2etA(u)
+
(79− 5η)e2t + 45η − 119
20W2etA(u)2
− {45WetA(u)3}−1 {6Wet ((5η − 7)e2t + 77η − 205)
+2iet sin(u)
(
3(5η − 7)e2t + 149η − 208
)}
+
Wet (Wet(34η − 191) + 14i(η − 14)et sin(u))
15A(u)4
]}
, (52)
(3)
S30 = 16
√
π
105
|E|2mWetη(3η − 1)et
{
sin(u)
A(u)3
+|E|ǫ2
[
sin(u)
((
8η2 − 17η + 4) e2t + 10η2 − 7η + 2)
3W2et(3η − 1)A(u)3
+
2
(
2η2 − 242η + 79) sin(u)
(9− 27η)A(u)4 −
W2et
(
2η2 − 242η + 79) sin(u)
(3− 9η)A(u)5
]}
, (53)
Copyright line will be provided by the publisher
12 M. Tessmer and G. Schäfer: Full analytic frequency-domain GW forms
(3)
S31 = 0 , (54)
(3)
S32 =
32
3
√
2π
7
|E|2µW2et(3η − 1) e−2iφ
{
i
A(u)3
− et sin(u)
4WetA(u)3
+|E|ǫ2
[
sin(u)
(
−et
((
8η2 − 17η + 4) e2t + 10η2 − 7η + 2)
12W3et(3η − 1)A(u)3
+
(
2η2 − 242η + 79) et
18Wet(3η − 1)A(u)4
+
Wet
(
22η2 + 338η − 109) et
(12− 36η)A(u)5
)
+
i
(
15(1− 3η)2e2t + 5
(
19W2et − 3
)
η2 − 10 (2W2et + 7) η − W2et + 25)
10W2et(3η − 1)A(u)3
+
i
(
197η2 − 239η + 55)
(54η − 18)A(u)4 +
iW2et
(
59η2 − 89η + 25)
(6− 18η)A(u)5
]}
, (55)
(3)
S33 = 0 , (56)
(4)
I40 =
8
21
√
π
5
|E|2µ(1− 3η)
{
5− 5e2t
A(u)3
− 6
A(u)
− 5
A(u)2
+ 6
+|E|ǫ2
[
9W4et(20η(7η − 128) + 831)
110(3η − 1)A(u)5 −
3W2et(20η(7η − 128) + 831)
(66η − 22)A(u)4
+
W2et(5η(2η + 163)− 218)
55(3η − 1)A(u)3 +
5η(82η − 1699) + 2711
55(3η − 1)A(u)2
+
6(5η(8η − 41) + 52)
55(3η − 1)A(u) −
6(5η(8η − 41) + 52)
55(3η − 1)
]}
, (57)
(4)
I41 = 0 , (58)
(4)
I42 =
16
21
√
2π|E|2mη(3η − 1) e−2iφ
{
1− 1
A(u)
+
−W2et + iWetet sin(u)
2A(u)3
+
2iWetet sin(u)− 2e2t + 76
A(u)2
+|E|ǫ2
[{
88(3η − 1)A(u)5}−1 Wet{−22W4et (30η2 − 250η + 79)
−5iW2et
(
7η2 − 447η + 151) et sin(u)}
+
W2et
(
928η2 − 11620η + 3743)+ iWet (2147η2 − 10331η+ 3175) et sin(u)
132(3η − 1)A(u)4
+
(
330W2et(3η − 1)A(u)2
)−1(
e2t
(
−75 (53W2et − 66) η2
+30
(
17W2et − 22
)
η + 129W2et − 330
)
+12iWetet sin(u)
((
40η2 − 205η + 52) e2t + 290η2 − 235η + 58)
−495(1− 3η)2e4t + 8345W2etη2
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−14285W2etη + 3902W2et − 495η2 − 2310η + 825
)
+
(
660W2et(3η − 1)A(u)3
)−1 (
22
(
e2t
(
15
(
29W2et − 20
)
η2
−20 (75W2et − 2) η + 459W2et + 20)
+30(1− 3η)2e4t +
(
30− 675W2et
)
η2 + 140
(
13W2et + 1
)
η − 539W2et − 50
)
+3iWetet sin(u)
((
985η2 − 5715η + 1781) e2t − 325η2 + 4835η− 1561))
+
40η2 − 205η + 52
55(3η − 1)A(u) +
40η2 − 205η + 52
55− 165η
]}
, (59)
(4)
I43 = 0 , (60)
(4)
I44 =
8
3
√
2π
7
|E|2m(1− 3η)η e−4iφ
{
0
1− 1
A(u)
− 8W
2
et
(−W2et − iWetet sin(u))
A(u)4
+
2iWetet sin(u) + 9e2t − 9
2A(u)3
+
4iWetet sin(u)− 8e2t + 436
A(u)2
+ǫ2 |E|
[
sin(u)
(
iWet3
(
923η2 − 13683η + 4523) et
44A(u)5
− iWetet
(
48
(
40η2 − 205η + 52) e2t + 56335η2 − 105175η+ 29219)
330A(u)4
− iet
((
985η2 − 5715η + 1781)e2t − 325η2 + 4835η − 1561)
110WetA(u)3
−4iet
((
40η2 − 205η + 52) e2t + 290η2 − 235η + 58)
55WetA(u)2
)
+
3W4et
(
716η2 − 4456η + 1461)
44A(u)5
− Wet
2
(
96
(
40η2 − 205η + 52) e2t + 147740η2 − 496880η+ 149503)
660A(u)4
+
(
330WetA(u)3 (et − 1)
)−1{
3
−3e3t
(
90η2
(
22 (et + 1)
Wet
+ 5Wet
)
−5η
(
6072 (et + 1)
Wet
− 2363Wet
)
+
9900 (et + 1)
Wet
− 3826Wet
)
+1980
(
3η2 − 46η + 15)√1 + et
1− et e
4
t + 3Wet
(
2430η2 − 18545η+ 6074) e2t
+Wet
(
28410η2 − 83795η + 25262)et + Wet (−28410η2 + 83795η − 25262)
}
3
+
(
330WetA(u)2 (et − 1)
)−1{
2
−6e3t
(
5η2
(
891 (et + 1)
Wet
− 827Wet
)
+η
(
1330Wet −
2970 (et + 1)
Wet
)
+
495 (et + 1)
Wet
− 79Wet
)
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−6e2t
(
5η2
(
99 (et + 1)
Wet
− 64Wet
)
+ 10η
(
231 (et + 1)
Wet
+ 164Wet
)
−825 (et + 1)Wet
− 416Wet
)
+ 5et
(
(et + 1)
Wet
(
594η2 + 2772η− 990)
+Wet
(−6628η2 + 5407η − 1165))
+2970(1− 3η)2
√
1 + et
1− et e
4
t + 5Wet
(
6034η2 − 8179η + 2155)
}
2
+
−40η2 + 205η − 52
55A(u)
+
1
55
(
40η2 − 205η + 52)
]}
0
, (61)
(4)
S40 = 0 , (62)
(4)
S41 =
8
7
√
2π|E|5/2(1 − 2η)ηδme−iφ ×{
− W
3
et
3A(u)4
+
2Wet
5A(u)2
− 2iet
(
e2t − 1
)
sin(u)
3A(u)4
}
, (63)
(4)
S42 = 0 , (64)
(4)
S43 = 40
√
2π
7
|E|5/2(1− 2η)ηδme−3iφ ×{
− W
3
et
3A(u)4
− 2Wet
75A(u)2
+
2iet
(
e2t − 1
)
sin(u)
15A(u)4
}
, (65)
(4)
S44 = 0 , (66)
(5)
I50 = 0 , (67)
(5)
I51 =
2
3
√
7π
11
δm|E|5/2η(2η − 1)
{
iW3et
A(u)4
+
8iWet
7A(u)
− 4iWet
5A(u)2
− 4iWet
3A(u)3
+ sin(u)
(
2et
3A(u)3
− 8et
7A(u)
)}
, (68)
(5)
I52 = 0 , (69)
(5)
I53 =
√
2π
33
|E|5/2η(2η − 1)δme−3iφ ×{
+
8
3et sin(u)− 8iWet
A(u)
+
28iWet
5A(u)2
−
(
e2t − 1
)
(16et sin(u)− 5iWet)
3A(u)4
+
2
(
et
(
41− 48e2t
)
sin(u)− 6i (et − 1)
√
et+1
1−et
(
8e2t − 1
))
9A(u)3
}
, (70)
(5)
I54 = 0 , (71)
(5)
I55 = 8
√
2π
165
|E|5/2η(2η − 1)δme−5iφ ×
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{
+
16iW4et (Wet + iet sin(u))
A(u)5
+
3
(
e2t − 1
)
(16et sin(u) + 15iWet)
8A(u)4
+
i
(−10Wet (24e2t − 17)+ iet (137− 144e2t) sin(u))
12A(u)3
− 7iWet
2A(u)2
+
−et sin(u) + 5iWet
A(u)
}
, (72)
(5)
S50 =
16
3
√
5π
231
|E|3η(5(η − 1)η + 1)met ×{
W3et sin(u)
A(u)5
− 2Wet sin(u)
5A(u)3
− 2Wet sin(u)
3A(u)4
}
, (73)
(5)
S51 = 0 , (74)
(5)
S52 =
16
9
√
2π
11
|E|3 (5(η − 1)η + 1) ηme−2iφ ×{
iW4et
A(u)5
− iW
2
et
3A(u)4
− 6iW
2
et
5A(u)3
+ sin(u) etWet
( W2et
A(u)5
+
2
5A(u)3
+
2
3A(u)4
)}
, (75)
(5)
S53 = 0 , (76)
(5)
S54 =
16
15
√
2π
33
|E|3η(5(η − 1)η + 1)me−4iφ ×{
35iW4et
A(u)5
− 6i
(
e2t − 1
)
A(u)3
− 5i
(
e2t − 1
)
3A(u)4
+sin(u) etWet
(
− 35W
2
et
2A(u)5
− 1
A(u)3
− 5
3A(u)4
)}
, (77)
(5)
S55 = 0 , (78)
(6)
I60 =
64
33
√
10π
273
|E|3η(5(η − 1)η + 1)m ×{
1− 1
A(u)
− 77
60A(u)2
+
7W2et
10A(u)3
+
35W2et
24A(u)4
− 7W
4
et
8A(u)5
}
, (79)
(6)
I61 = 0 , (80)
(6)
I62 = −32
33
√
2π
13
|E|3µ (5η2 − 5η + 1) e−2iφ ×{
1− 1
A(u)
43
60 − 2e2t
A(u)2
+
23W4et
24A(u)5
− W
2
et
10A(u)3
− 107W
2
et
72A(u)4
+ietWet sin(u)
(
− W
2
et
12A(u)5
+
2
A(u)2
+
2
3A(u)3
− 11
9A(u)4
)}
, (81)
(6)
I63 = 0 , (82)
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(6)
I64 =
64
11
√
π
195
|E|3µ (5η2 − 5η + 1) e−4iφ ×{
1− 1
A(u)
+
403
60 − 8e2t
A(u)2
+
(et − 1) (et + 1)
(
576e2t + 167
)
72A(u)4
+
91W4et
24A(u)5
− 5W
2
et
2A(u)3
+ sin(u)
(
4iWetet
A(u)2
+
4iWetet
3A(u)3
−2iWetet (6et − 5) (6et + 5)
9A(u)4
+
35iW3etet
6A(u)5
)}
, (83)
(6)
I65 = 0 , (84)
(6)
I66 = −32
3
√
2π
715
|E|3µ (5η2 − 5η + 1) e−6iφ ×{
1− 1
A(u)
+
1003
60 − 18e2t
A(u)2
+
32W6et
A(u)6
− 3W
4
et
8A(u)5
− 13W
2
et
2A(u)3
− W
2
et
(
1152e2t − 551
)
24A(u)4
+iet sin(u)
(
32W5et
A(u)6
+
95W3et
4A(u)5
− Wet
(
96e2t − 85
)
3A(u)4
+
2Wet
A(u)3
+
6Wet
A(u)2
)}
.
(85)
It will be necessary to decompose these tensor components in terms of irreducible expressions to
get a time Fourier representation. Those will be terms which collect contributions having sinu on
the one hand and those without sinu on the other, and they will be used when we write down
the exponential of the orbital phase in such a way that we can use results and representations we
already know from the literature or we have to evaluate them from scratch. This computation is
subject of the next section.
5 Relevant Kapteyn Series of irreducible components
5.1 Series representation for the inverse KE, sinmu and cosmu
We recall the computation of the 1PN version of this consideration in paper 1. There we required
only a Newtonian accurate expression of the sin- and cos-function of multiples of the eccentric
anomaly. For further considerations, let us call u = g(M) the solution to the 2PN KE. As
we Taylor expand the argument of the Bessel integral – which will be done below – we are
in the position to provide u as a series in M up to 2PN. Therefore we need the well-known
representation of v and u in the KE (2), where in the 2PN term, we can insert their Newtonian
accurate summation surrogates (see Equations (5) on p. 553 and (8) on p. 555 in [30]. In [31] there
is a misprint in the definition of the Gn on page 33: the factor
2
n should comprise the complete
right hand side),
v(e=et) = M+
∞∑
m=1
Gm(et) sinmM , (86)
Gm(e) =
2
m
{
Jm(me) +
∞∑
s=1
αs [Jm−s(me)− Jm+s(me)]
}
, (87)
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and α is extractable from
e =
2α
1 + α2
. (88)
The series expansions of the functions (v − u) and sin v at Newtonian accuracy read
(v − u) =
(
M+
∞∑
i=1
Gi(et) sin(iM)
)
−
(
M+
∞∑
n=1
2
n
Jn(n et) sin(nM)
)
(89)
=
∞∑
i=1
(
Gi(et)− 2
i
Ji(i et)
)
sin(iM) , (90)
sin v =
√
1− e2t
∞∑
n=1
2 J
′
n(n et) sin(nM) . (91)
We take above definitions and write in shorthand notation for further calculations, cf. Equation
(2),
M = u− et sinu+ ǫ4
∞∑
j=1
αj sin(jM) . (92)
Inserting this in the KE and solving for the Fourier-Bessel coefficients, we calculate after Taylor
expansion in ǫ (see Appendix A),
g(M)−M =
∞∑
n=1
An sin(nM) , (93)
An = 2
nπ
∫ π
0
cos(nM) dg(M)
=
2
nπ
∫ π
0
cos
(
n
[
gN (M)− et sin(gN (M)) + ǫ4
∞∑
m=1
αm sin(Mm)
])
dg(M)
=
2
nπ
∫ π
0
cos (n [gN(M)− et sin(gN (M))]) dg(M)
− 2
π
∫ π
0
sin (n [gN (M)− et sin(gN (M))]) ǫ4
∞∑
m=1
αm sin(Mm) dg(M) . (94)
Defining
Θ(j, n) :=
{
0, j ≤ n
1, j > n
, (95)
the result reads
u = M+ 2

 ∞∑
j=1
sin(jM)Jj (jet)
j


−2 ǫ4Fv
√
1− e2t
∞∑
j=1
sin(jM)×
([
∞∑
m=1
Jm (etm)J
′
j+m (et(j +m))
]
−
[
∞∑
m=j+1
Jm (etm)J
′
m−j (et(m− j))
]
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+
[
j−1∑
m=1
Jm (etm)J
′
j−m (et(j −m))
]
Θ(j, 1) + J’j (etj)
)
+ǫ4Fv−u
∞∑
j=1
sin jM×
([
j−1∑
m=1
−Jm (met)
(
Gj−m (et(j −m)) + 2Jj−m (et(j −m))
j −m
)]
Θ(j, 1)
+

 ∞∑
m=j+1
Jm (met)
(
Gm−j (et) +
2Jm−j (et(m− j))
j −m
)
−
[
∞∑
m=1
Jm (met)
(
Gj+m (et)− 2Jj+m (et(j +m))
j +m
)]
−Gj (et) + 2Jj (jet)
j
)
. (96)
The reader should keep in mind Appendix C and D of paper 1 where care is taken of products
of infinite series of sin jM and cos jM with arbitrary coefficients αj and βj . This consideration
is necessary to collect for terms with the same positive frequencies in the above expressions and
many more.
Now we proceed with the trigonometrics of mu, m ∈ N. We know from the symmetry of sinmu
and cosmu, that only sin jM or cos jM can contribute. Thus, we decompose
sinmu =
∞∑
j=1
σ¯mj sin jM , (97)
cosmu =
∞∑
j=0
γ¯mj cos jM . (98)
The coefficients σ¯mj and γ¯
m
j can be computed using
γ¯mj =
2
π
∫ π
0
sinmu sin jM dM , (99)
σ¯mj =
2
π
∫ π
0
cosmu cos jMdM . (100)
Switching from the integration over dM to du in the above equations using the 2PN accurate KE
and Taylor expanding everything to ǫ4, we can perform the integration. One technical – but easy
to manage – issue is to re-convert the arguments of the integrals for a simple application of the
Bessel integral formula,
Jy(x) =
1
π
∫ π
0
du cos(yu− x sinu) . (101)
Appendix B provides the calculation. The results read
sin(mu) =
∞∑
n=1
0
σ¯mj sin jM+ ǫ4
∞∑
j=1
4
σ¯mj sin jM , (102)
0
σ¯mj :=
m
j
{Jj−m(j et) + Jj+m(j et)} , (103)
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4
σ¯mj :=
1
2
m
∞∑
j=1
αn
{
−Jj+m−n (et(j − n)) + Jj−m+n (et(j + n))
−J−j+m+n (et(n− j)) + Jj+m+n (et(j + n))
}
, (104)
cos(mu) =
∞∑
j=0
0
γ¯mj cos jM+ ǫ4
∞∑
j=0
4
γ¯mj cos jM , (105)
0
γ¯mj :=
m
j
{Jj−m(j et)− Jj+m(j et)} ×Θ(j, 0) + δm1 δ0j
(
−et
2
)
, (106)
4
γ¯mj :=
1
2
m
∞∑
n=1
αn
{
J−j+m−n (et(−(j + n))) + Jj+m−n (et(j − n))
−J−j+m+n (et(n− j))− Jj+m+n (et(j + n))
}
×Θ(j, 0)
+δm1 δ0j

− ǫ2
(√
1− e2t − 1
)
(Fv−u + Fv)
et

 . (107)
This prescription is valid in both ADM and harmonic coordinates, where, of course, the appropriate
values always have to be included.
5.2 A(u)−n and A(u)−n sinu as Fourier-Bessel series
We keep expression (A10) from [1],
A(u)−n = 1 + b
(n)
0 +
∞∑
j=1
b
(n)
j cos ju , (108)
sinu
A(u)n
=
∞∑
j=1
S
(n)
j sin ju . (109)
In the above two Equations, b
(n)
j and S
(n)
j are expansion coefficients for harmonics of u. From
Equations (102) and (105) we learn that the Fourier-Bessel representation of the above two series
get 2PN corrections, 1
A(u)−n = 1 + b
(n)
0 +
∞∑
m=1
γ¯m0 b
(n)
m +
∞∑
j=1
(
∞∑
k=1
γ¯kj b
(n)
k
)
cos jM
=
∞∑
j=0
A(n)j cos jM , (110)
sinuA(u)−n =
∞∑
j=1
(
∞∑
k=1
σ¯kj b
(n)
k
)
sin jM
=
∞∑
j=1
S(n)j sin jM , (111)
A(n)j = δj0
(
1 + b
(n)
0 +
∞∑
m=1
[
0
γ¯m0 + (ǫ
4)
4
γ¯m0
]
b(n)m
)
+
∞∑
k=1
[
0
γ¯kj + (ǫ
4)
4
γ¯kj
]
b
(n)
k , (112)
1Please recognise the misprint in Equation (39) in paper 1: between b
(n)
0 and the round bracket, there should be a
“+” instead of a “ ·”.
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S(n)j =
∞∑
k=1
[
0
σ¯kj + (ǫ
4)
4
σ¯kj
]
b
(n)
k . (113)
5.3 Computing one more relevant double series
We have seen in the 1PN case that we have to deal with products of sine-sine and sine-cosine series.
At 2PN accuracy, we additionally observe products of cosine-cosine series. The old double series
formulas are valid irrespective of the PN order, but we supply the computation of cosine-cosine
series products below. Suppose a term of the form(
∞∑
k=1
A(n)k cos kM
)(
∞∑
m=1
Bm cosmM
)
=
1
2
∞∑
k=1
∞∑
m=1
A(n)k Bm (cos [(k −m)M] + cos [(k +m)M]) . (114)
Collecting for contributions with the same the frequency (for k −m = ±j we obtain m = k ∓ j
and for part 2, k +m = j we obtain m = j − k), the result reads
1
2
∞∑
k=1
∞∑
m=1
(cos [(k −m)M] + cos [(k +m)M])
=
1
2
(
∞∑
k=1
A(n)k Bk +
∞∑
j=1
cos jM×

 ∞∑
k=j+1
A(n)k Bk−j +
∞∑
k=1
A(n)k Bk+j +
j−1∑
k=1
A(n)k Bj−k Θ(j, 1)

)
=:
∞∑
j=0
P
CC,[n]
j cos jM . (115)
5.4 Decomposition of exp{−imφ}
What we have done at 1PN accuracy has to be extended to 2PN, especially at the orbital dynamics.
It is helpful to find a special decomposition of e−imφ in such a way that the mode decomposition
of any 1PN function of u (to be performed exactly) is not required at this point of calculation. We
will combine the terms in such a way that we can use results known from the previous sections,
(φ− φ0) = (1 +K) v + ǫ4 (f4φ sin 2v + g4φ sin 3v) , (116)
v = v(u)
1
= 2 arctan
{√
1 + eφ
1− eφ tan
[u
2
]}
2
= vN + ǫ
2 v1PN + ǫ
4 v2PN
3
=: (M+ v˜N) + ǫ2 v1PN + ǫ4 v2PN , (117)
e−im (φ−φ0)
4
= e−im [(1+K)v+(ǫ
4f4φ) sin 2v+(ǫ4g4φ) sin 3v]
5
= e−im v e−im(ǫ
2K1PN+ǫ
4K2PN) [vN+ǫ2v1PN+ǫ4v2PN]e−im ǫ
4[f4φ sin 2v+g4φ sin 3v]
6
= e−im v e−imvNǫ
2(K1PN+K2PNǫ2) e−im ǫ
4[K1PNv1PN+f4φ sin 2v+g4φ sin 3v]
7
= e−im (ǫ
2K1PN+ǫ
4K2PN)M×
e−imv︸ ︷︷ ︸
PartA(m)
[
1− imK1PNv˜N ǫ2 − 1
2
mv˜N ǫ
4
(
mK1PN2v˜N + 2iK2PN
)]
︸ ︷︷ ︸
PartB(m)
×
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[
1− imǫ4(K1PNv1PN + f4φ sin(2vN) + g4φ sin(3vN))
]︸ ︷︷ ︸
PartC(m)
. (118)
In step 3, vN decomposes into a purely secular part, namelyM, and a purely oscillatory one with
zero average over the interval M = [0, 2π], viz. v˜N [see Equation (86)]. Therefore, in step 7, the
middle term in edgy brackets (“PartB”) can be written in terms of single and double summations
of terms in the right hand side of Equation (86), almost without computational cost. PartA and
PartC will contribute A(u)
−n and also A(u)−n sinu terms that will multiply with the series of
PartB. These contributions are lengthy and we again skip explicit expressions. In principle, other
decompositions are valid as well, but we find it convenient to choose the above one because of its
structural clearness. PartB is essential and we give it explicitly,
2
PartB(m) :=
[
1− imK1PNv˜Nǫ2 − 1
2
mv˜Nǫ
4
(
mK1PN2v˜N + 2iK2PN
)]
= 1− imǫ2K1PN

 ∞∑
j=1
sin(jM)Gj (et)


−ǫ4 1
4
m
{
1

 ∞∑
j=1
mK21PNGj (et) 2


+
∞∑
k=1
[
2
mK21PN cos(kM)×
( ∞∑
j=k+1
Gj (et)Gj−k (et)


−

k−1∑
j=1
Gj (et)Gk−j (et)

×Θ(k, 1)
+

 ∞∑
j=1
Gj (et)Gj+k (et)

)
+4iK2PN sin(kM)Gk (et)
]
2
}
1
. (119)
For a clear understanding, we sometimes have added auxiliary indices to the brackets. This simply
helps to see how deep the bracket in the current expression is. To 1PN order we recognize what
we computed in paper 1, Section IV. We will face products of PartB with powers of A(u) . They
can be put into the form
PartB(q)
A(u)n
=
∞∑
j=1
1
2
iqǫ2
(K1PN +K2PNǫ2) sin(jM)×
{
j−1∑
m=1
[
−A(n)m Θ(j, 1)Gj−m (et)
]
+
∞∑
m=j+1
[
A(n)m Gm−j (et)
]
+
[
∞∑
m=1
−A(n)m Gj+m (et)
]
− 2A(n)0 Gj (et)
}
+
−1
8
∞∑
j=1
cos(jM)
{
1
K21PNq2ǫ4
[
1
2In Equation (C5) of paper 1, the very last term should get a factor Θ(j, 1) to make it consistent with our notation
and for convenience of the reader.
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∞∑
k=j+1
[
A(n)k−j
(
−
k−1∑
m=1
[Gm (et)Gk−m (et)] +
∞∑
n=k+1
[Gn (et)Gn−k (et)]
+
k∑
n=1
[Gn (et)Gk+n (et)]
)]
+
∞∑
k=1
[
A(n)j+k
(
−
k−1∑
m=1
[Gm (et)Gk−m (et)] +
∞∑
n=k+1
[Gn (et)Gn−k (et)]
+
k∑
n=1
[Gn (et)Gk+n (et)]
)]
+Θ(j, 1)
j−1∑
s=1
[
A(n)j−s
(
−
s−1∑
m=1
[Gm (et)Gs−m (et)] +
∞∑
n=s+1
[Gn (et)Gn−s (et)]
+
s∑
n=1
[Gn (et)Gn+s (et)]
)]
+2A(n)0
(
−
j−1∑
m=1
[Gm (et)Gj−m (et)] +
∞∑
n=j+1
[Gn (et)Gn−j (et)]
+
[
j∑
n=1
Gn (et)Gj+n (et)
])]
1
+ 2A(n)j
(
K21PNq2ǫ4
[
∞∑
k=1
Gk (et)
2
]
− 4
)}
1
+
{
∞∑
j=1
[
1
8
K1PN2q2ǫ4
(
A(n)j
(
−
∞∑
k=j+1
[Gk (et)Gk−j (et)]
+
j−1∑
k=1
[Gk (et)Gj−k (et)]−
j∑
k=1
[Gk (et)Gj+k (et)]
)
−2A(n)0 Gj (et)2
)]
+A(n)0
}
. (120)
The part including sinu reads
PartB(q)
A(u)n
sinu =
∞∑
j=1
1
2
sin(jM)×
{
2S(n)j +
j−1∑
m=1
[
−1
4
K21PNq2ǫ4Θ(j, 1)S(n)j−m
(
∞∑
k=m+1
[
Gk (et)Gk−m (et)
]
+
m−1∑
k=1
[
−Gk (et)Gm−k (et)
]
+
m∑
k=1
[
Gk (et)Gk+m (et)
])]
+
∞∑
m=j+1
[
1
4
K21PNq2ǫ4S(n)m−j
(
∞∑
k=m+1
[Gk (et)Gk−m (et)]
+
m−1∑
k=1
[
−Gk (et)Gm−k (et)
]
+
m∑
k=1
[
Gk (et)Gk+m (et)
])]
+
∞∑
m=1
[
−1
4
K21PNq2ǫ4S(n)j+m
([
∞∑
k=m+1
Gk (et)Gk−m (et)
]
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+
[
m−1∑
k=1
−Gk (et)Gm−k (et)
]
+
[
m∑
k=1
Gk (et)Gk+m (et)
])]}
+

 ∞∑
j=1
Gj (et)
2



 ∞∑
j=1
−1
4
K21PNq2ǫ4S(n)j sin(jM)


−1
2
iqǫ2
(K1PN +K2PNǫ2) ∞∑
j=1
cos(jM)×
{(
∞∑
m=j+1
[
S(n)m−jGm (et)
]
+
∞∑
m=1
[
S(n)j+mGm (et)
])
−Θ(j, 1)
j−1∑
m=1
[
S(n)j−mGm (et)
]}
−1
2
iqǫ2
(K1PN +K2PNǫ2)

 ∞∑
j=1
S(n)j Gj (et)

 . (121)
This will be shortened by writing
PartB(q)
A(u)n
=


∞∑
j=0
(A¯c)[n,q]j cos jM+
∞∑
j=1
(A¯s)[n,q]j sin jM

 , (122)
sinu
PartB(q)
A(u)n
=


∞∑
j=0
(S¯c)[n,q]j cos jM+
∞∑
j=1
(S¯s)[n,q]j sin jM

 , (123)
with (A¯c)[n,q], (A¯s)[n,q], (S¯c)[n,q] and (S¯s)[n,q] to be easily extracted from Equations (120) and (121)
and as well remembering that A(n)j and S(n)j have 2PN terms. Equations (120) and (121) appear
to be relatively complicated, but they are simply expanded applications of the product formulas
for sin and cos series, Equations (C1) and (D1) of paper 1, and our current Equation (114). As in
paper 1, we can now decompose the wave form into the above irreducible components, from whose
we have extracted the time Fourier series representation. To simplify matters, we introduce
PartB(q)
A(u)n
=: F[nq](u) , (124)
sinu
PartB(q)
A(u)n
=: FS[nq](u) . (125)
5.5 Multipole moment decomposition: a brief posting of the results
Using the results of the previous section, we decompose the multipole coefficients I and S as
(a)
Iam = CI;am e−miKM e−miφ0 ×
{∑
k
a−2α[km]F[km](u) +
∑
k′
a−2α˜[km]FS[k′m](u)
}
, (126)
(b)
Sbm = CS;bm e−miKM e−miφ0 ×
{∑
k
b−1β[km]F[km](u) +
∑
k′
b−1β˜[km]FS[k′m](u)
}
, (127)
symbolically, where CI;am and CS;am are some pre-factors and α, α˜, β and β˜ are coefficients to be
determined, k and k′ are some summation dummy indices with boundaries depending on a and m
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and depending on the type (I or S), and a− 2 and b− 1 are labels for α, α˜ and for β, β˜, counting
the order of c−1. The associated components of I and S, including PartA and PartC, are given in
Appendix D. Some “pre – Fourier” domain reads
(a)
Iam = CI;am e−miKM e−miφ0 ×
{∑
j
sin jM
(a)
IamSj +
∑
j
cos jM
(a)
IamCj
}
, (128)
(b)
Sbm = CS;bm e−miKM e−miφ0 ×
{∑
j
sin jM
(b)
SbmSj +
∑
j
cos jM
(b)
SbmCj
}
, (129)
with
(a)
IamSj :=
(∑
k
a−2α[km](A¯s)[k,m]j +
∑
k′
a−2α˜[k′m](S¯s)[k
′,m]
j
)
, (130)
(a)
IamCj :=
(∑
k
a−2α[km](A¯c)[k,m]j +
∑
k′
a−2α˜[k′m](S¯c)[k
′,m]
j
)
, (131)
(b)
SbmSj :=
(∑
k
b−1β[km](A¯s)[k,m]j +
∑
k′
b−1β˜[k′m](S¯s)[k
′,m]
j
)
, (132)
(b)
SbmCj :=
(∑
k
b−1β[km](A¯c)[k,m]j +
∑
k′
b−1β˜[k′m](S¯c)[k
′,m]
j
)
, (133)
for a ∈ [2, 6] , b ∈ [2, 5] ,
and for extracting the pure Fourier domain representation with delta distributions – (and not the
one mixed in exponential and trigonometric representation as in Equations (128) and (129)) – we
take the Fourier transformation of the sin jM and cos jM terms,
1√
2π
∫ +∞
−∞
e−imKM sin jM eiωtdt = i
√
π
2
δ(jN +KmN − ω)− i
√
π
2
δ(jN −KmN + ω) ,(134)
1√
2π
∫ +∞
−∞
e−imKM cos jM eiωtdt =
√
π
2
δ(jN +KmN − ω) +
√
π
2
δ(jN −KmN + ω) . (135)
This is valid only in the purely conservative orbital dynamics case.
5.6 The effect of radiation reaction
Up to now, we have used only the conservative parameterization of Section 2 hitherto. When we
include the slow-in-time variation of the orbital elements due to radiation reaction, the Equations
(128) and (129) are no longer valid, because the radial frequency N is no longer a constant. In
paper 1, we gave a detailled overview over what to do when eccentric GW signals with chirp have
to be Fourier transformed using the algorithm of the steepest decent or equivalently called “the
method of the stationary phase”. The only difference to be recognized is that we may include 2PN
accurate formulas for e˙t and N˙ and the QKP, but the analytic integration of those EOM will be
skipped because of the extensive space filling of the results as we have faced already at 1PN. A
future publication may extend the calculation of Section VI of paper 1 with the help of Appell’s
integral formula (see e.g. [32]), the orbital averaged 2PN accurate EOM〈
dN
dt
〉
orbit
= N2PN(N , et) , (136)
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〈
det
dt
〉
orbit
= E2PN(N , et) , (137)
to be taken from the expressions (4.32) and (4.34) of reference [22] and converted appropriately to
N and et, and the perturbation routines for inverting the formulas for the time of steepest decent
we are familiar with.
The interested reader may find the stationary phase approximation (SPA) results for circular
orbits in various data analysis papers [33, 34, 35, 36] .
5.7 Considerations about limiting of the series
Infinite series have to be restricted to finite ones for practical issues. In paper 1 we gave instructions
how to limit the 1PN series as we set up the following properties concerning the orders of involved
terms:
1. Bessel functions of order n: Jn(n et) ∼ O(ent ),
2. The v(u) expansion coefficients: Gn(net) ∼ O(ent ),
3. Even-in-u expansion coefficients: A(n)j ∼ O(ejt ),
4. Odd-in-u expansion coefficients: S(n)j ∼ O(ej−1t ),
5. The sin v expansion: J ′n(et) =
1
2 (Jn−1(et)− Jn+1(et)) = O(en−1t ),
6. Double series expansions: P
CS,[n]
j ∼ O(ejt ) and PSS,[n]j ∼ O(ej−1t ).
These computations are still valid at 2PN and have to be applied to each series where esum indext
plays a role. The result of this is obvious but lengthy, so we skip the provision. The interested
reader may take a look at [30] for more information on an estimate of the error when using
finite sums. Having double, triple, . . . , maximally n-tuples of summations, each evaluated up to
some order O(eMt ) and, thus, containing M terms (plus or minus some finite number), we have a
computational cost of ∼Mn terms per each time step Mk and NSP×Mn term computations in
total, where NSP is the number of sampling points, k = (0, . . . ,NSP − 1). In our case, a typical
value could be n = 5.
6 Conclusion
In this article we provide 2PN accurate GW forms in terms of tensor spherical harmonics. The
analytic Fourier-Bessel series of the inverted KE as well as the sines and cosines of the eccentric
anomaly have been evaluated. These series may be interesting for perturbation theory of celestial
mechanics. We could verify parts of the results of [20] and reproduce results of the ideas of paper 1.
One slight drawback should be mentioned. Without appropriate optimizing, the presented
routine is far less than quickly computable, for example for a data rate of 4096 points per second
and several minutes to be observed and a restriction to errors of, say, < O(e5t ). A first numerical
insight, done in C for the 1PN case, showed a CPU time of ∼ one minute for the case of 128 data
points at an error of O(e6t ). It can, for example, give an impression of the orders of magnitude
of how many harmonics may have to be included for a data analysis investigation. Its CPU time
consumption should be improved by atomising the series computation to make it attractive for
researchers in data analysis.
A future investigation may include the 3PN GW amplitude [29] and the 3PN QKP for point
particles without spin, or even more the spin dependent multipole moments of [37, 38, 39, 40]
and [41] using the QKP for aligned spinning compact binaries and a well-suited and optimized
numerical implementation.
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A The solution to the 2PN accurate Kepler Equation: an alter-
native way to derive it and a useful check
The 2PN accurate KE,
M = u− et sinu+ ǫ4 (Fv−u(v − u) + Fv sin v)
=: u− et sinu+ ǫ4 F4(u) , (138)
can be inverted by defining
g
(M− ǫ4 F4(u)) = u . (139)
as the appropriate solution, however it will look like. We can Taylor expand it around the New-
tonian solution,
gN
(M)− g′N (M) ǫ4 F4(u)) = u . (140)
The Newtonian solution g is known,
gN (M) =M+
∞∑
n=1
2
n
Jn(n et) sinnM , (141)
and (140) reads
u(M) = gN(M)−
(
1 +
∞∑
n=1
2Jn(n et) cosnM
)
ǫ4F4 (gN (M)) . (142)
We know
v − u =
∞∑
n=1
[
Gn(n et)− 2
n
Jn(n et)
]
sinnM , (143)
sin v =
√
1− e2t sinu
1− et cosu =
√
1− e2t 2
∞∑
n=1
J ′n(n et) sinnM . (144)
Inserting (143) and (144) into (142) and applying the product rule for a sin and a cos series, we
obtain the result of (96). This is a nice calculation, so let us show it in detail.
We abbreviate
F4(gN(M)) =
∞∑
n=1
αn sinnM , (145)
and read the coefficients α from Equations (143) and (144). In fact, for the comparison, their
form does not matter. Equation (142) together with the rule for products of a sin and a cos series
reads
u =
∞∑
n=1
Jn(net)
n
sinnM
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−ǫ4
∞∑
n=1
(
αn + 2P
CS,[n]
n [Jk(ket);αk]
)
sinnM , (146)
2PCS,[n]n [Jk(ket);αk]
1
=
{
Θ(n, 1)
n−1∑
k=1
αn−kJk(ket) +
∞∑
k=1
αn+kJk(ket)−
∞∑
k=n+1
αk−nJk(ket)
}
2
=
n−1∑
k=1
αkJn−k((n− k)et) +
∞∑
k=n+1
αkJn−k((n− k)et)
−
∞∑
k=1
αkJn+k((n+ k)et) . (147)
Θ just dropped out as for n = 1, αk for k ≤ 0 vanish anyway. In summation with αk the last
line gives
∑∞
k=1 αk (Jn−k((n− k)et)−Jn+k((n+ k)et)), remembering that for the k = n term,
J0(0) = 1.
Let us, in contrast, directly derive the expansion coefficients via integration and assume that
g is the solution to the KE, u = g(M). Then, at nπ (n ∈ Z), there are fixed points of the KE:
nπ = u =M and g(M)−M can be expressed in sin series,
g(M)−M =
∞∑
n=1
An sin(nM) . (148)
The expansion coefficients, directly computed via integration read
An
1
=
2
π
∫ π
0
[g(M)−M] sin(nM)dM
2
= − 2
nπ
∫ π
0
[g(M)−M] d(cosnM)
3
= [boundary = 0] +
2
nπ
∫ π
0
cos(nM)[g′(M)− 1]dM
4
=
2
nπ
∫ π
0
cos {nM}d(g(M))
5
=
2
nπ
∫ π
0
cos
{
n
(
u− et sinu+ ǫ4F4(u)
)}
du
6
=
2
nπ
∫ π
0
cos {n (u− et sinu)}du− 2
π
∫ π
0
sin {n (u− et sinu)} ǫ4
∞∑
k=1
αk sin kM
7
=
2Jn(net)
n
− ǫ4 1
π
∫ π
0
∞∑
k=1
αk (cos [(k − n)(u − et sinu)]− cos [(k + n)(u− et sinu)]) du
8
=
2Jn(net)
n
− ǫ4
∞∑
k=1
αk(Jk−n(net)− Jk+n(net)) , (149)
and we see that the 2PN coefficient shows agreement in both calculations. In step 5 we used
Equation (138), in step 6 we Taylor expanded the argument of cos around the Newtonian M and
in step 7 we used that only Newtonian M is required in the sum. The trigonometrics of u are
dealt with equivalently.
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B Fourier representation: sinmu and cosmu at 2PN
As an exemplary calculation, we determine the expansion coefficients of cosmu,
cosmu =
∞∑
j=0
γ¯mj cos jM . (150)
Using integration by parts, the computation turns out to be
γ¯mj =
2
π
∫ π
0
cosmu cos jMdM
= [cosmu sin jM]π0 −
2
jπ
∫ π
0
(d cosmu) sin jM dM
= [. . . ]π0 −
2m
jπ
∫ π
0
(sinmu) sin jM du
dMdM
=
m
jπ
∫ π
0
(cos[mu+ jM2PN]− cos[mu− jM2PN]) du
=
m
jπ
∫ π
0
(cos[mu+ jMN]− cos[mu− jMN]) du
−m
π
∫ π
0
(sin[mu+ jMN]− sin[mu− jMN]) ǫ4
∞∑
f=1
αf sin fMN du
=
m
j
(Jj+m(jet)− Jj−m(jet))
−m
2π
∞∑
n=1
∫ π
0
αn
[
cos(jM−mu−Mn)− cos(jM−mu+Mn)
− cos(jM +mu−Mn) + cos(jM+mu+Mn)
]
du
=
m
j
(Jj+m(jet)− Jj−m(jet))
−
∞∑
n=1
mαn
2π
∫ 2π
0
{
cos [(j − n) (u− et sin(u))−mu]
− cos [(j + n) (u− et sin(u))−mu]
− cos [(j − n) (u− et sin(u)) +mu]
+ cos [(j + n) (u− et sin(u)) +mu]
}
du . (151)
The task is now to bring these integrals to the form
1
π
∫ π
0
cos [xi(u − yi sinu)] = Jxi(xi yi) , (152)
with some prefactor x and “eccentricity” y to be determined for each special case. In order of
appearance in the last equation above, these eccentricities read
y1 =
et(j−n)
j−m−n , (153)
y2 =
et(j+n)
j−m+n , (154)
y3 =
et(j−n)
j+m−n , (155)
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y4 =
et(j+n)
j+m+n , (156)
xi is simply the denominator. Herewith, the rest is easy to calculate and so are the coefficients of
sinmu.
C The relevant tensor spherical harmonics
We take the definitions from [18], Equations (A1) – (A5) therein,
T
(m)
LM = ALM
(
θˆθˆ − φˆφˆ
)
− i BLM
(
θˆφˆ+ φˆθˆ
)
, (157)
T
(e)
LM = BLM
(
θˆθˆ − φˆφˆ
)
− i ALM
(
θˆφˆ+ φˆθˆ
)
, (158)
ALM = 2CL
{
∂2
∂ θ2
+
L(L+ 1)
2
}
YLM (θ, φ) , (159)
BLM = −2CL
{
∂
∂θ
− cot θ
}
YLM (θ, φ) , (160)
CL = [2L (L+ 1)(L+ 2)(L− 1)]−1/2 , (161)
TE2LM = T
(m)
LM , (162)
TB2LM = −i T (e)LM , (163)
with θˆ and φˆ being basis unit vectors in θ and φ direction (θ is the angle between the orbital
angular momentum and the line–of–sight vector N, and φ measures the angle from the x axis to
N projected onto the (x, y) plane, see Figure 3 of [18]). The relevant multipoles read
TE222 =
1
8
√
5
2π
e2iφ
[(
θˆθˆ − φˆφˆ
)1
2
(cos(2θ) + 3) + 2i cos(θ)
(
θˆφˆ+ φˆθˆ
)]
, (164)
TE221 =
1
4
√
5
2π
e2iφ
[
cos(θ) sin(θ)
(
θˆθˆ − φˆφˆ
)
+ i sin(θ)
(
θˆφˆ+ φˆθˆ
)]
, (165)
TE220 =
1
8
√
15
π
sin2(θ)
(
θˆθˆ − φˆφˆ
)
, (166)
TB222 =
−1
16
√
5
2π
e2iφ
[(
θˆφˆ+ φˆθˆ
)
(cos(2θ) + 3)− 4i
(
θˆθˆ − φˆφˆ
)
cos(θ)
]
, (167)
TB221 =
1
4
√
5
2π
ieiφ
[(
θˆθˆ − φˆφˆ
)
+ i
(
θˆφˆ+ φˆθˆ
)
cos(θ)
]
sin(θ) , (168)
TB220 =
−1
8
√
15
π
(
θˆφˆ+ φˆθˆ
)
sin2(θ) , (169)
TE233 = −
1
32
√
21
π
e3iφ
[
4i
(
θˆφˆ+ φˆθˆ
)
cos(θ) +
(
θˆθˆ − φˆφˆ
)
(cos(2θ) + 3)
]
sin(θ) , (170)
TE232 =
1
32
√
7
2π
e2iφ
[
8i
(
θˆφˆ+ φˆθˆ
)
cos(2θ) +
(
θˆθˆ − φˆφˆ
)
(5 cos(θ) + 3 cos(3θ))
]
, (171)
TE231 =
1
32
√
35
π
eiφ
[
4i
(
θˆφˆ+ φˆθˆ
)
cos(θ) +
(
θˆθˆ − φˆφˆ
)
(3 cos(2θ) + 1)
]
sin(θ) , (172)
TE230 =
1
8
√
105
π
(
θˆθˆ − φˆφˆ
)
cos(θ) sin2(θ) , (173)
TB233 =
1
32
√
21
π
e3iφ
[(
θˆφˆ+ φˆθˆ
)
(cos(2θ) + 3)− 4i
(
θˆθˆ − φˆφˆ
)
cos(θ)
]
sin(θ) , (174)
Copyright line will be provided by the publisher
30 M. Tessmer and G. Schäfer: Full analytic frequency-domain GW forms
TB232 =
−1
32
√
7
2π
e2iφ
[(
θˆφˆ+ φˆθˆ
)
(5 cos(θ) + 3 cos(3θ))− 8i
(
θˆθˆ − φˆφˆ
)
cos(2θ)
]
, (175)
TB231 =
−1
32
√
35
π
eiφ
[(
θˆφˆ+ φˆθˆ
)
(3 cos(2θ) + 1)− 4i
(
θˆθˆ − φˆφˆ
)
cos(θ)
]
sin(θ) , (176)
TB230 =
−1
8
√
105
π
(
θˆφˆ+ φˆθˆ
)
cos(θ) sin2(θ) , (177)
TE244 =
3
32
√
7
2π
e4iφ
[
4i
(
θˆφˆ+ φˆθˆ
)
cos(θ) +
(
θˆθˆ − φˆφˆ
)
(cos(2θ) + 3)
]
sin2(θ) , (178)
TE243 =
−3
32
√
7
π
e3iφ
[
4
(
θˆθˆ − φˆφˆ
)
cos3(θ) + i
(
θˆφˆ+ φˆθˆ
)
(3 cos(2θ) + 1)
]
sin(θ) , (179)
TE242 =
3
64
√
2π
e2iφ
[
2i
(
θˆφˆ+ φˆθˆ
)
(cos(θ) + 7 cos(3θ))
+
(
θˆθˆ − φˆφˆ
)
(4 cos(2θ) + 7 cos(4θ) + 5)
]
, (180)
TE241 =
3
32
√
π
eiφ
[
i
(
θˆφˆ+ φˆθˆ
)
(7 cos(2θ) + 5) +
(
θˆθˆ − φˆφˆ
)
(5 cos(θ) + 7 cos(3θ))
]
sin(θ) , (181)
TE240 =
3
32
√
5
π
(
θˆθˆ − φˆφˆ
)
(7 cos(2θ) + 5) sin2(θ) , (182)
TB244 =
−3
32
√
7
2π
e4iφ
[(
θˆφˆ+ φˆθˆ
)
(cos(2θ) + 3)− 4i
(
θˆθˆ − φˆφˆ
)
cos(θ)
]
sin2(θ) , (183)
TB243 =
3
32
√
7
π
e3iφ
[
4
(
θˆφˆ+ φˆθˆ
)
cos3(θ)− i
(
θˆθˆ − φˆφˆ
)
(3 cos(2θ) + 1)
]
sin(θ) , (184)
TB242 =
−3
64
√
2π
e2iφ
[(
θˆφˆ+ φˆθˆ
)
(4 cos(2θ) + 7 cos(4θ) + 5)
−2i
(
θˆθˆ − φˆφˆ
)
(cos(θ) + 7 cos(3θ))
]
, (185)
TB241 =
−3
32
√
π
eiφ
[(
θˆφˆ+ φˆθˆ
)
(5 cos(θ) + 7 cos(3θ))− i
(
θˆθˆ − φˆφˆ
)
(7 cos(2θ) + 5)
]
sin(θ) , (186)
TB240 =
−3
32
√
5
π
(
θˆφˆ+ φˆθˆ
)
(7 cos(2θ) + 5) sin2(θ) , (187)
TE255 = −
1
64
√
165
π
e5iφ
[
4i
(
θˆφˆ+ φˆθˆ
)
cos(θ) +
(
θˆθˆ − φˆφˆ
)
(cos(2θ) + 3)
]
sin3(θ) , (188)
TE254 =
1
64
√
33
2π
e4iφ
[
8i
(
θˆφˆ+ φˆθˆ
)
(2 cos(2θ) + 1)
+
(
θˆθˆ − φˆφˆ
)
(19 cos(θ) + 5 cos(3θ))
]
sin2(θ) , (189)
TE253 = −
1
256
√
33
π
e3iφ
[
4i
(
θˆφˆ+ φˆθˆ
)
(7 cos(θ) + 9 cos(3θ))
+
(
θˆθˆ − φˆφˆ
)
(28 cos(2θ) + 15 cos(4θ) + 21)
]
sin(θ) , (190)
TE252 =
1
128
√
11
2π
e2iφ
[
8i
(
θˆφˆ+ φˆθˆ
)
(cos(2θ) + 3 cos(4θ))
+
(
θˆθˆ − φˆφˆ
)
(14 cos(θ) + 3(cos(3θ) + 5 cos(5θ)))
]
, (191)
TE251 =
1
128
√
77
2π
eiφ
[
4i
(
θˆφˆ+ φˆθˆ
)
(5 cos(θ) + 3 cos(3θ))
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+
(
θˆθˆ − φˆφˆ
)
(12 cos(2θ) + 15 cos(4θ) + 5)
]
sin(θ) , (192)
TE250 =
1
64
√
1155
π
(
θˆθˆ − φˆφˆ
)
[5 cos(θ) + 3 cos(3θ)] sin2(θ) , (193)
TB255 =
1
64
√
165
π
e5iφ
[(
θˆφˆ+ φˆθˆ
)
(cos(2θ) + 3)− 4i
(
θˆθˆ − φˆφˆ
)
cos(θ)
]
sin3(θ) , (194)
TB254 = −
1
64
√
33
2π
e4iφ
[(
θˆφˆ+ φˆθˆ
)
(19 cos(θ) + 5 cos(3θ))
−8i
(
θˆθˆ − φˆφˆ
)
(2 cos(2θ) + 1)
]
sin2(θ) , (195)
TB253 =
1
256
√
33
π
e3iφ
[(
θˆφˆ+ φˆθˆ
)
(28 cos(2θ) + 15 cos(4θ) + 21)
−4i
(
θˆθˆ − φˆφˆ
)
(7 cos(θ) + 9 cos(3θ))
]
sin(θ) , (196)
TB252 = −
1
128
√
11
2π
e2iφ
[(
θˆφˆ+ φˆθˆ
)
(14 cos(θ) + 3(cos(3θ) + 5 cos(5θ)))
−8i
(
θˆθˆ − φˆφˆ
)
(cos(2θ) + 3 cos(4θ))
]
, (197)
TB251 = −
1
128
√
77
2π
eiφ
[(
θˆφˆ+ φˆθˆ
)
(12 cos(2θ) + 15 cos(4θ) + 5)
−4i
(
θˆθˆ − φˆφˆ
)
(5 cos(θ) + 3 cos(3θ))
]
sin(θ) , (198)
TB250 = −
1
64
√
1155
π
(
θˆφˆ+ φˆθˆ
)
[5 cos(θ) + 3 cos(3θ)] sin2(θ) , (199)
TE266 =
3
256
√
715
2π
e6iφ
[
4i
(
θˆφˆ+ φˆθˆ
)
cos(θ) +
(
θˆθˆ − φˆφˆ
)
(cos(2θ) + 3)
]
sin4(θ) , (200)
TE265 = −
1
256
√
2145
2π
e5iφ
[
2i
(
θˆφˆ+ φˆθˆ
)
(5 cos(2θ) + 3)
+
(
θˆθˆ − φˆφˆ
)
(13 cos(θ) + 3 cos(3θ))
]
sin3(θ) , (201)
TE264 =
1
1024
√
195
π
e4iφ
[
8i
(
θˆφˆ+ φˆθˆ
)
(13 cos(θ) + 11 cos(3θ))
+
(
θˆθˆ − φˆφˆ
)
(92 cos(2θ) + 33 cos(4θ) + 67)
]
sin2(θ) , (202)
TE263 = −
3
1024
√
13
2π
e3iφ
[
2i
(
θˆφˆ+ φˆθˆ
)
(52 cos(2θ) + 55 cos(4θ) + 21)
+
(
θˆθˆ − φˆφˆ
)
(126 cos(θ) + 75 cos(3θ) + 55 cos(5θ))
]
sin(θ) , (203)
TE262 =
1
4096
√
13
2π
e2iφ
[
4i
(
θˆφˆ+ φˆθˆ
)
(10 cos(θ) + 81 cos(3θ) + 165 cos(5θ))
+
(
θˆθˆ − φˆφˆ
)
(289 cos(2θ) + 30(cos(4θ) + 7) + 495 cos(6θ))
]
, (204)
TE261 =
1
1024
√
65
π
eiφ
[
2i
(
θˆφˆ+ φˆθˆ
)
(60 cos(2θ) + 33 cos(4θ) + 35)
+
(
θˆθˆ − φˆφˆ
)
(70 cos(θ) + 87 cos(3θ) + 99 cos(5θ))
]
sin(θ) , (205)
TE260 =
1
512
√
1365
2π
(
θˆθˆ − φˆφˆ
)
[60 cos(2θ) + 33 cos(4θ) + 35] sin2(θ) . (206)
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D The multipole components in terms of Fourier coefficients
(2)
I22 = −8
√
2π
5
|E|µ e−2t e−2iKMe−i2φ0 ×{
7∑
k=0
0α[k2]F[k2](u) +
7∑
k=1
0α˜[k2]FS[k2](u)
}
, (207)
0α[02] :=
[
2− e2t
]
+ ǫ2
1
14
|E| [(9η − 3)e2t + 94η − 442]+ ǫ4 −|E|2
42Wet2
[
(η(11η + 16)− 5)e4t
+3(η(197η − 1216) + 3717)e2t + 32(40− 63Wet)η + 5040Wet − 602η2 + 2798
]
,
0α[12] :=
[
e2t − 2
]
+ǫ2
1
14
|E| ((3− 9η)e2t − 94η + 778)+ ǫ4 −|E|242W2et
[
(5 − η(11η + 16))e4t
+2η(1512Wet + 301η − 64)− 3e2t (η(168Wet + 197η − 3184)− 420Wet + 10029)
−7560Wet + 2530
]
, (208)
0α[22] := −2(W2et) + ǫ2
1
21
|E| (−9η (e2t + 17)− 151e2t + 163)+ ǫ4 − |E|2126W2et
[
e2t (11340Wet
+45322− η(4536Wet + 1123η+ 15623)) + (3(951− 119η)η + 4188)e4t
+2η(4536Wet + 740η − 2435)− 22680Wet − 57574
]
, (209)
0α[32] := 2
[
e2t − 1
]2
+ ǫ2|E|
[
1
21
W2et
(
11(3η + 13)e2t + 129η − 1163
)]
+ ǫ4
|E|2
189
[
η(31752Wet
+3433η+ 13700)− 79380Wet − 60259 + e2t (η(−4536Wet − 3481η+ 10081)
+11340Wet − 93512) + 3((830− 47η)η + 2117)e4t
]
, (210)
0α[42] := ǫ
2|E|
[
4
21
|E|W4et(15η + 121)
]
+ ǫ4
−|E|2
378
W2et
[
9(η(11η + 3339)− 9453)e2t
+4η(6804Wet + 1211η + 7423)− 68040Wet + 77866
]
, (211)
0α[52] := ǫ
2|E|
[−4
7
(3η − 1)W6et
]
+ ǫ4
|E|2
378
W4et
[
3(4η(349η + 917)− 1117)e2t
−16η(308η+ 1891) + 95270
]
,
0α[62] := ǫ
4 |E|2
189
W6et(η(6853η + 20333)− 12793) , (212)
0α[72] := −ǫ4 5
63
|E|2Wet8(4η(53η + 103)− 131) , (213)
0α˜[12] := i2Wetet + i
|E|ǫ2et
(
(109− 19η)e2t + 47η − 221
)
7Wet
+iǫ4
|E|2
21W6et
[
−252W4et(2η − 5)et
(
e2t − 2
)
+ W3etet
((−446η2 + 2144η− 4876) e2t
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+(61(η − 4)η + 1445)e4t + η(301η − 640)− 1399
)]
, (214)
0α˜[22] := −iǫ2
12|E|et
(
e2t − 2
)
Wet
+ iǫ4|E|2
[6et ((54η − 151)e4t + (600− 148η)e2t − 4(8η + 37))
7W3et
+12(5− 2η)et
]
, (215)
0α˜[32] := −i2W3etet − iǫ2
1
21
|E|Wetet
(
(15η + 149)e2t + 153η − 667
)
+i ǫ4
−|E|2
63Wet
et
[
3024Wet(2η − 5) + 740η2 − 707η − 20795 +
(
−756Wet(2η − 5)
−643η2 + 1651η − 14042
)
e2t + 5(η(31η − 112) + 443)e4t
]
, (216)
0α˜[42] := −i 8
21
|E|W3etǫ2(3η + 62)et + iǫ4
|E|2
189
Wetet
[
6804Wet(2η − 5) + 1213η2 + 15821η
+2126 + ((8627− 701η)η − 37414)e2t
]
, (217)
0α˜[52] := i
4
7
|E|W5etǫ2(3η − 1)et + iǫ4
|E|2
63
Wetet
(
e2t − 1
) [
3(4η(14η + 67)− 77)e2t
+13η(31η − 25) + 12269
]
, (218)
0α˜[62] := −i |E|
2
189
W5et(η(3673η + 14153)− 10828)et , (219)
0α˜[72] := iǫ
4 5
63
|E|2W7et(4η(53η + 103)− 131)et , (220)
(2)
I21 = 0 , (221)
(2)
I20 = 16
√
π
15
|E|µ
{ 5∑
k=0
0α[k0] F[k0](u)
}
, (222)
0α[00] := 1− 3
14
|E|ǫ2(3η − 1) + ǫ4 1
42
|E|2 (−11η2 − 16η + 5) , (223)
0α[10] := −1 + 3
14
|E|ǫ2(3η − 1) + ǫ4 |E|2
[
30− 12η
Wet
+
1
42
(η(11η + 16)− 5)
]
, (224)
0α[20] :=
2
7
|E|ǫ2(η − 26) + |E|
2
126W2et
[
((1877− 323η)η − 3682)e2t + 756Wet(2η − 5) + 323η2
+1651η+ 1666
]
, (225)
0α[30] :=
2
7
|E|ǫ2(26− η)W2et + ǫ4
1
21
|E|2[(686− 2η(31η + 197))e2t + η(41η + 625)
−1610] , (226)
0α[40] := −ǫ4 1126 |E|
2W2et(η(1517η + 7549)− 8645) , (227)
0α[50] := +ǫ
4 1
42
|E|2W4et(4η(79η + 179)− 217) , (228)
(2)
S22 = 0 , (229)
(2)
S21 =
32
3
√
π
5
√
1− et2η|E|3/2(m1 −m2) e−iKMe−iφ0 ×
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{ 5∑
k=2
1β[k1]F[k1](u) +
5∑
k=3
1β˜[k1]FS[k1](u)
}
, (230)
1β[21] := −
|E|ǫ2 ((899− 3695η)e2t + 3751η − 955)
28W2et
− 1 , (231)
1β[31] := 1− e2t
+|E|ǫ2
(
1
28
(
(675− 3639η)e2t + 3695η − 1067
)
+
1
7
W2et(2077− 2054η)
)
, (232)
1β[41] :=
1
14
|E|W2etǫ2(10340η − 10497) , (233)
1β[51] :=
3
14
|E|W4etǫ2(2133− 2068η) , (234)
1β˜[31] := −iWetet +
i|E|ǫ2et
(
(3639η − 675)e2t − 3751η + 955
)
28Wet
, (235)
1β˜[41] := −1
7
i|E|Wetǫ2(2068η − 2049)et , (236)
1β˜[51] :=
3
14
i|E|W3etǫ2(2068η − 2133)et , (237)
(2)
S20 = 0 , (238)
(3)
I33 = −4i
√
2π
21
ηδm
√
|E|3Wete−3t e−i3KMe−i3φ0 ×{
7∑
k=0
1α[k3]F[k3](u) +
7∑
k=1
1α˜[k3]FS[k3](u)
}
, (239)
1α[03] := −2e2t + 8−
|E|ǫ2 ((5η − 7)e4t + (191η − 829)e2t − 268η + 1124)
6W2et
, (240)
1α[13] := 2
(
e2t − 4
)− |E|ǫ2 ((7− 5η)e4t + (1477− 191η)e2t + 4(67η − 497))
6W2et
, (241)
1α[23] := 7e
2
t − 12−
|E|ǫ2 ((23η − 901)e4t + (6305− 2203η)e2t + 2540η − 5764)
36W2et
, (242)
1α[33] := −e2t
(
e2t + 3
)
+ 4
+
1
36
|E|ǫ2 (9(23η − 13)e4t + (5353− 395η)e2t + 548η − 14668) , (243)
1α[43] := 20W4et +
1
9
|E|W2etǫ2
(
(211η + 1162)e2t + 3(383η − 745)
)
, (244)
1α[53] := −12W6et −
1
9
|E|W4etǫ2
(
9(29η + 38)e2t + 331η − 4973
)
, (245)
1α[63] = −4
9
|E|W6etǫ2(140η + 467) , (246)
1α[73] =
20
3
|E|W8etǫ2(4η + 1) , (247)
1α˜[13] := −
2iet
(
3e2t − 4
)
Wet
− i|E|ǫ
2et
(
3(19η − 89)e2t − 268η + 1124
)
6Wet
, (248)
1α˜[23] := |E|ǫ2
[
36i(η − 4)et
(
3e4t − 7e2t + 4
)
W3et
+
36iet
(
(3η − 13)e2t − 4(η − 5)
)
Wet
]
, (249)
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1α˜[33] := 24iW3etet −
iet
(
29e4t − 65e2t + 36
)
Wet
+|E|ǫ2
[
2iW3et(7 − 5η)et −
30i(η − 4)et
(
3e4t − 7e2t + 4
)
W3et
+
iet
(
9e2t
(
(35η + 23)e2t − 247η + 653
)
+ 2140η − 6836)
36Wet
]
, (250)
1α˜[43] := +16iW5etet − 8iWetet
(
2e4t − 5e2t + 3
)
+ |E|ǫ2
[2
3
iW5et(5η − 7)et
+2iW3etet
(
(5η − 7)e2t + 139η − 497
)
+
2
3
iWetet
(
2(5η − 7)e4t
+37(11η − 40)e2t − 505η + 1343
)]
, (251)
1α˜[53] := 12iW5etet
+|E|ǫ2
(
48iW5et(η − 4)et +
1
3
iW3etet
(
(191η − 472)e2t + 73η − 479
))
, (252)
1α˜[63] =
16
9
i|E|W5etǫ2(20η + 113)et , (253)
1α˜[73] = −20
3
i|E|W7etǫ2(4η + 1)et , (254)
(3)
I32 = 0 , (255)
(3)
I31 = e−iKM e−i φ08
√
2π
35
|E|3/2 (m1 −m2) ηWet ×{
5∑
k=0
1α[k1]F[k1](u) +
5∑
k=1
1α˜[k1]FS[k1](u)
}
, (256)
1α[01] := i− 1
12
i|E|ǫ2
(
−24(η − 4)W2et
+ 5η − 7
)
, (257)
1α[11] := −i−
i|E|ǫ2 ((5η − 7)e2t + 19η − 161)
12W2et
, (258)
1α[21] := −5i
6
− 5i|E|ǫ
2
(
(5η − 79)e2t + 19η + 55
)
72W2et
, (259)
1α[31] :=
5iW2et
6
− 1
24
i|E|ǫ2 ((13η + 1)e2t − 53η + 279) , (260)
1α[41] := − 1
18
i|E|W2etǫ2(40η − 317) , (261)
1α[51] :=
1
6
i|E|W4etǫ2(8η − 49) , (262)
1α˜[11] := − etWet
+
|E|Wetǫ2(89− 19η)et
12W2et
, (263)
1α˜[21] := −6|E|Wetǫ
2et
1− e2t
, (264)
1α˜[31] :=
5Wetet
6
+
|E|ǫ2et
(
3(79− 5η)e2t + 95η − 157
)
72Wet
, (265)
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1α˜[41] :=
1
9
|E|Wetǫ2(85− 8η)et , (266)
1α˜[51] :=
1
6
|E|ǫ2(8η − 49)etW3et , (267)
(3)
S32 = e−i 2KM e−i 2φ0
8
3
√
2π
7
|E|2W2etµ(1 − 3η)et−2 ×{
7∑
k=2
2β[k2]F[k2](u) +
7∑
k=3
2β˜[k2]FS[k2](u)
}
, (268)
2β[22] :=
2i|E|ǫ2 ((η(10η − 61) + 20)e2t + (163− 46η)η − 50)
3W2et(3η − 1)
− 2i , (269)
2β[32] := −2iW2et +
2i|E|ǫ2
45W2et(3η − 1)
[
3(5η(16η − 25) + 28)e4t
+2(5η(73η − 13) + 4)e2t − 5η(194η + 223) + 448
]
, (270)
2β[42] := 10iW2et +
2i|E|ǫ2 (3(5η(71η + 370)− 658)e2t + 5η(662η − 2477) + 3809)
45(3η − 1) , (271)
2β[52] := −6iW4et
−2i|E|W
2
etǫ
2
(
3
(
605η2 + 910η − 344) e2t − 5η(230η + 4147) + 6847)
45(3η − 1) , (272)
2β[62] := −
2i|E|W4etǫ2(4η(245η + 604)− 845)
27η − 9 , (273)
2β[72] :=
2i|E|W6etǫ2(20η(7η + 8)− 59)
9η − 3 , (274)
2β˜[32] := −
et
(
e2t − 2
)
Wet
−|E|ǫ
2et
(
(η(8η − 17) + 4)e4t + 3(η(22η − 95) + 30)e2t − 92η2 + 326η − 100
)
3(3η − 1)W3et
, (275)
2β˜[42] := 4Wetet
+
2|E|ǫ2et
(
(10(38− 5η)η − 157)e2t + 1660η2 − 1330η + 302
)
45(3η − 1)Wet
, (276)
2β˜[52] := −6etW3et
+
|E|ǫ2(−et Wet)
(
3(170η(η + 2)− 131)e2t + 110η(10η− 67) + 2338
)
15(3η − 1) , (277)
2β˜[62] := −
8|E|ǫ2(4η(35η + 121)− 167)etW3et
27η − 9 , (278)
2β˜[72] :=
2|E|ǫ2(20η(7η + 8)− 59)etW5et
9η − 3 , (279)
(3)
S30 = −16
√
π
105
|E|2et
√
1− et2µ(1− 3η)
5∑
3
2β˜[k0]FS[k0](u) , (280)
2β˜[30] := 1−
|E|ǫ2 (((17− 8η)η − 4)e2t + (7− 10η)η − 2)
3W2et(3η − 1)
, (281)
Copyright line will be provided by the publisher
andp header will be provided by the publisher 37
2β˜[40] := −2|E|ǫ
2(2(η − 121)η + 79)
9(3η − 1) , (282)
2β˜[50] := −
|E|W2etǫ2(2(η − 121)η + 79)
3− 9η , (283)
(4)
I44 = e−i 4KM e−i4φ0
8
3
√
2π
7
|E|2µ(1− 3η) e−4t ×{
9∑
k=0
2α[k4]F[k4](u) +
9∑
k=1
2α˜[k4]FS[k4](u)
}
, (284)
2α[04] := e
4
t − 8e2t + 8 +
|E|ǫ2
55(3η − 1)
[
(5(41− 8η)η − 52)e4t
−8(5η(124η − 531) + 828)e2t + 8(5η(256η − 1103) + 1708)
]
, (285)
2α[14] := −e4t + 8e2t − 8 +
|E|ǫ2
55(3η − 1)
[
(5η(8η − 41) + 52)e4t
+8(5η(124η − 927) + 1488)e2t − 8(5η(256η − 1895) + 3028)
]
, (286)
2α[24] :=
1
6
(−29e4t + 112e2t − 88)+ |E|ǫ2330(3η − 1)
[
−5(η(314η − 3185) + 1121)e4t
+20(η(3829η− 12717) + 3903)e2t − 8(5η(2921η − 8542) + 12788)
]
, (287)
2α[34] :=
1
6
(
3e6t − 19e4t + 24e2t − 8
)
+
|E|ǫ2
330(3η − 1)
[(
7610η2 − 73225η+ 22598) e4t
−3(15η(58η − 69) + 218)e6t + 40(η(411η + 10226)− 3407)e2t
−8(5η(536η + 11245)− 18912)
]
, (288)
2α[44] := −16
3
W4et
(
e2t − 6
)
+
|E|W2etǫ2
660(3η − 1)
[
(20η(214η − 2359) + 15563)e4t
−20(η(9705η− 64529) + 20707)e2t + 8(5η(12953η− 54357) + 84244)
]
, (289)
2α[54] := −8
3
W6et
(
3e2t − 4
)− |E|W4etǫ2
660(3η − 1)
[
(60η(824η + 67)− 7371)e4t
+220(η(107η− 363) + 145)e2t − 8(5η(7561η+ 45019)− 77612)
]
, (290)
2α[64] := −
140W8et
3
− |E|W
6
etǫ
2
99η − 33
[
(3η(4515η + 11017)− 12361)e2t
+4(η(9940η − 26869) + 8016)
]
, (291)
2α[74] := 20W10et +
|E|W8etǫ2
99η − 33
[
3(15η(213η+ 95)− 703)e2t
−4(η(535η + 34698)− 11300)
]
, (292)
2α[84] :=
6|E|W10et ǫ2(η(1225η + 2427)− 844)
33η − 11 , (293)
2α[94] := −
70|E|W12et ǫ2(η(35η + 9)− 4)
33η − 11 , (294)
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2α˜[14] :=
4iet
(
e4t − 3e2t + 2
)
Wet
+
4i|E|ǫ2et
55(3η − 1)Wet
[
(5η(58η − 245) + 388)e4t
+(5(2165− 504η)η − 3364)e2t + 10η(256η− 1103) + 3416
]
, (295)
2α˜[24] :=
24i|E|Wetǫ2et
(
e4t − 8e2t + 8
)
1− e2t
, (296)
2α˜[34] :=
iet
(
9e6t − 55e4t + 90e2t − 44
)
3Wet
+
i|E|ǫ2et
330(3η − 1)Wet
[
15(η(133η − 815) + 273)e6t
−55(η(1009η− 4619) + 1457)e4t + 4(5η(8286η− 37381) + 58391)e2t
−8(115η(127η− 578) + 20708)
]
, (297)
2α˜[44] :=
4
3
ietW3et
(
5e2t − 12
)
+
i|E|Wetǫ2et
330(3η − 1)
[
20
(
4266η2 − 3452η + 829) e2t
+(1655(η − 1)η − 417)e4t − 8(5η(3457η− 2049) + 1796)
]
, (298)
2α˜[54] := −2ietW5et
(
e2t − 8
)
+
i|E|ǫ2etW3et
220(3η − 1)
[
(5η(581η − 1637) + 2473)e4t
−220(2η(73η− 520) + 333)e2t + 88
(
915η2 − 7615η + 2444)] , (299)
2α˜[64] :=
80
3
ietW7et
+
4i|E|ǫ2etW5et
(
11(6η(15η + 37)− 89)e2t + 4(5η(340η − 131) + 76)
)
99η − 33 , (300)
2α˜[74] := −20ietW9et
− i|E|ǫ
2etW7et
(
3(10η(197η + 111)− 563)e2t + 4(η(3140η − 24249) + 7712)
)
99η − 33 , (301)
2α˜[84] := −
4i|E|etW9etǫ2(η(1225η + 3483)− 1196)
33η − 11 , (302)
2α˜[94] :=
70i|E|etW11et ǫ2(η(35η + 9)− 4)
33η − 11 , (303)
(4)
I42 = e−i 2KM e−i2φ0
16
21
√
2π|E|2µ(1− 3η) e−2t ×{
7∑
k=0
2α[k2]F[k2](u) +
7∑
k=1
2α˜[k2]FS[k2](u)
}
, (304)
2α[02] := e
2
t − 2 +
|E|ǫ2 ((5(41− 8η)η − 52)e2t − 2(5η(124η − 531) + 828))
55(3η − 1) , (305)
2α[12] := 2− e2t +
|E|ǫ2 ((5η(8η − 41) + 52)e2t + 10η(124η − 927) + 2976)
55(3η − 1) , (306)
2α[22] :=
8
3
− 11e
2
t
6
+
|E|ǫ2 ((632− 5η(17η + 478))e2t + 5η(2047η− 3411) + 4797)
330(3η − 1) , (307)
2α[32] :=
1
6
(−3e4t + 11e2t − 8)+ |E|ǫ2330(3η − 1)
[
165(1− 4η)ηe4t
+(5η(1186η − 9227) + 14738)e2t + 10(7369− 527η)η − 23978
]
, (308)
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2α[42] := −
10W4et
3
+
|E|W2etǫ2
((
875η2 − 6815η + 2738) e2t − 5η(5715η + 3613) + 8167)
660(3η − 1) , (309)
2α[52] := 2W6et −
|E|W4etǫ2
132(3η − 1)
[
33(η(35η − 191) + 60)e2t
+(28933− 6229η)η − 8915
]
, (310)
2α[62] := −
|E|W6etǫ2(η(4375η − 29191) + 8993)
132(3η − 1) , (311)
2α[72] :=
|E|W8etǫ2(5η(125η − 653) + 983)
44(3η − 1) , (312)
2α˜[12] := −2iWetet +
2i|E|ǫ2et
(
(5η(58η − 245) + 388)e2t + 5(531− 124η)η − 828
)
55(3η − 1)Wet
, (313)
2α˜[22] :=
12i|E|ǫ2et
(
e2t − 2
)
Wet
, (314)
2α˜[32] := +
iet
(
9e4t − 25e2t + 16
)
6Wet
+
i|E|ǫ2et
660(3η − 1)Wet
[
15(η(133η − 815) + 273)e4t
+(5(13579− 3569η)η − 21389)e2t + 10η(2047η− 8163) + 25434
]
, (315)
2α˜[42] :=
4
3
ietW3et −
i|E|ǫ2(−et Wet)
660(3η − 1)
[
(5η(355η − 4843) + 7527)e2t
+10η(993η+ 6575)− 22522
]
, (316)
2α˜[52] := −2ietW5et +
i|E|ǫ2etW3et
88(3η − 1)
[
(η(145η − 937) + 337)e2t
−22(η(113η − 289) + 87)
]
, (317)
2α˜[62] :=
i|E|ǫ2(η(625η − 4849) + 1511)etW5et
99η − 33 , (318)
2α˜[72] := −
i|E|ǫ2(5η(125η − 653) + 983)etW7et
44(3η − 1) , (319)
(4)
I40 =
8
21
√
π
5
|E|2µ(1− 3η)
{
5∑
k=0
2α[k2]F[k2](u)
}
, (320)
2α[00] := 6− 6|E|ǫ
2(5η(8η − 41) + 52)
55(3η − 1) , (321)
2α[10] := −6 + 6|E|ǫ
2(5η(8η − 41) + 52)
55(3η − 1) , (322)
2α[20] := −5 + |E|ǫ
2(5η(82η − 1699) + 2711)
55(3η − 1) , (323)
2α[30] := −5e2t + 5 +
|E|W2etǫ2(5η(2η + 163)− 218)
55(3η − 1) , (324)
2α[40] := −
3|E|W2etǫ2(20η(7η − 128) + 831)
66η − 22 , (325)
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2α[50] :=
9|E|W4etǫ2(20η(7η − 128) + 831)
110(3η − 1) , (326)
(4)
S44 = 0 , (327)
(4)
S43 = e−i 3KM e−i3φ0
16
√
2π
7 |E|5/2Wetδm(1− 2η)η
15e3t
×{
7∑
k=2
3β[k0]F[k0](u) +
7∑
k=3
3β˜[k0]FS[k2](u)
}
, (328)
3β[23] := 4− 3e2t , (329)
3β[33] := 2
(
e4t − 5e2t + 4
)
, (330)
3β[43] :=
1
2
(−e4t + 37e2t − 36) , (331)
3β[53] :=
1
2
W4et
(
33e2t − 68
)
, (332)
3β[63] := 70W6et , (333)
3β[73] := −30W8et , (334)
3β˜[33] := −iWetet
(
e2t − 4
)
, (335)
3β˜[43] := iWetet
(
12− 7e2t
)
, (336)
3β˜[53] :=
3
2
iWetet
(
e4t + 3e
2
t − 4
)
, (337)
3β˜[63] := −40ietW5et , (338)
3β˜[73] := 30ietW7et , (339)
(4)
S42 = 0 , (340)
(4)
S41 = e−iKM e−iφ0
16
√
2π|E|5/2Wetδm(1 − 2η)η
35et
×{
5∑
k=2
3β[k1]F[k0](u) +
5∑
k=3
3β˜[k1]FS[k2](u)
}
, (341)
3β[21] := −1 , (342)
3β[31] := −
2W2et
3
, (343)
3β[41] :=
25W2et
6
, (344)
3β[51] := −
5W4et
2
, (345)
3β˜[31] := −iWetet , (346)
3β˜[41] := −5
3
iWetet , (347)
3β˜[51] :=
5
2
ietW3et , (348)
(4)
S40 = 0 , (349)
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(5)
I55 = e−i 5KM e−i5φ0
8
√
2π
165 |E|5/2δm(1− 2η)ηWet
e5t
×{
9∑
k=0
3α[k5]F[k5](u) +
9∑
k=1
3α˜[k5]FS[k5](u)
}
, (350)
3α[05] := i
(
e4t − 12e2t + 16
)
, (351)
3α[15] := −i
(
e4t − 12e2t + 16
)
, (352)
3α[25] := − 112 i
(
73e4t − 396e2t + 400
)
, (353)
3α[35] := −1
6
iW2et
(
3e4t − 48e2t + 80
)
, (354)
3α[45] := − 1
24
i (et − 1) (et + 1)
(
83e4t − 1188e2t + 1840
)
, (355)
3α[55] :=
1
24
iW4et
(
3e4t − 1028e2t + 2096
)
, (356)
3α[65] := −7
6
iW6et
(
23e2t + 112
)
, (357)
3α[75] :=
95
6
iW8et
(
3e2t − 8
)
, (358)
3α[85] := 210iW10et , (359)
3α[95] := −70iW12et , (360)
3α˜[15] :=
−5e5t + 20e3t − 16et
Wet
, (361)
3α˜[25] := 0 , (362)
3α˜[35] :=
et
(−42e6t + 341e4t − 692e2t + 400)
12Wet
, (363)
3α˜[45] :=
(et Wet)
(
107e4t − 564e2t + 560
)
12
, (364)
3α˜[55] := −1
8
etWet3
(
19e4t − 156e2t + 240
)
, (365)
3α˜[65] :=
2
3
etWet5
(
31e2t − 176
)
, (366)
3α˜[75] :=
5
6
etWet7
(
15e2t + 16
)
, (367)
3α˜[85] := 140etW9et , (368)
3α˜[95] := −70etW11et , (369)
(5)
I54 = 0 , (370)
(5)
I53 = e−i 3KM e−i3φ0
8
√
2π
33 |E|5/2δmη(1− 2η)Wet
(
e2t − 4
)
3e3t
×{
7∑
k=0
3α[k3]F[k3](u) +
7∑
k=1
3α˜[k3]FS[k3](u)
}
, (371)
3α[03] := i , (372)
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3α[13] := −i , (373)
3α[23] := −
i
(
173e2t − 404
)
60 (e2t − 4)
, (374)
3α[33] := −
i
(
9e4t − 25e2t + 16
)
30 (e2t − 4)
, (375)
3α[43] := −
7i
(
73e4t − 301e2t + 228
)
120 (e2t − 4)
, (376)
3α[53] :=
7iW4et
(
9e2t − 4
)
120 (e2t − 4)
, (377)
3α[63] :=
77iW6et
6 (e2t − 4)
, (378)
3α[73] := −
11iW8et
2 (e2t − 4)
, (379)
3α˜[13] :=
4et − 3e3t
Wet (e2t − 4)
, (380)
3α˜[23] := 0 , (381)
3α˜[33] := −
et
(
126e4t − 495e2t + 404
)
60Wet (e2t − 4)
, (382)
3α˜[43] := −
et
(
59e4t − 183e2t + 124
)
20Wet (e2t − 4)
, (383)
3α˜[53] := −
etW3et
(
89e2t − 284
)
40 (e2t − 4)
, (384)
3α˜[63] :=
22etW5et
3 (e2t − 4)
, (385)
3α˜[73] := −
11etW7et
2 (e2t − 4)
, (386)
(5)
I52 = 0 , (387)
(5)
I51 = e−iKM e−iφ0
16
√
π
77 |E|5/2µδm(1− 2η)Wet
3met
×{
5∑
k=0
3α[k1]F[k1](u) +
5∑
k=1
3α˜[k1]FS[k1](u)
}
, (388)
3α[01] := i , (389)
3α[11] := −i , (390)
3α[21] := −77i
60
, (391)
3α[31] :=
7iW2et
10
, (392)
3α[41] :=
35iW2et
24
, (393)
3α[51] := −
7iW4et
8
, (394)
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3α˜[11] := − etWet
, (395)
3α˜[21] := 0 , (396)
3α˜[31] :=
7et
(
11− 6e2t
)
60Wet
, (397)
3α˜[41] :=
7
12
etWet , (398)
3α˜[51] := −7
8
etW3et , (399)
(5)
I50 = 0 , (400)
(5)
S55 = 0 , (401)
(5)
S54 = e−i 4KM e−i4φ0
64
√
2π
33 |E|3µ(5(η − 1)η + 1)
15e4t
×{
9∑
k=2
4β[k4]F[k4](u) +
9∑
k=3
4β˜[k4]FS[k4](u)
}
, (402)
4β[24] := i
(
e4t − 3e2t + 2
)
, (403)
4β[34] :=
1
6
i
(−3e6t + 31e4t − 60e2t + 32) , (404)
4β[44] := − 1
12
i
((
e2t + 3
) (
15e2t − 34
)
e2t + 76
)
, (405)
4β[54] :=
1
12
iW4et
(
3e4t + 218e
2
t − 396
)
, (406)
4β[64] :=
7
6
iW6et
(
19e2t + 16
)
, (407)
4β[74] := −5
6
iW8et
(
33e2t − 100
)
, (408)
4β[84] := −105iW10et , (409)
4β[94] := 35iW12et , (410)
4β˜[34] := −1
4
etWet
(
e4t − 8e2t + 8
)
, (411)
4β˜[44] :=
(−et Wet)
(
29e4t − 112e2t + 88
)
12
, (412)
4β˜[54] := −1
8
etW3et
(
3e4t − 16e2t + 8
)
, (413)
4β˜[64] := −16
3
etW5et
(
e2t − 6
)
, (414)
4β˜[74] := −10
3
etW7et
(
3e2t − 4
)
, (415)
4β˜[84] := −70etW9et , (416)
4β˜[94] := 35etW11et , (417)
(5)
S53 = 0 , (418)
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(5)
S52 = e−i 2KM e−i2φ0
64
√
2π
11 |E|3µ(5(η − 1)η + 1)W2et
45e2t
×{
7∑
k=2
4β[k2]F[k2](u) +
7∑
k=3
4β˜[k2]FS[k2](u)
}
, (419)
4β[22] := −i , (420)
4β[32] :=
1
6
i
(
3e2t − 10
)
, (421)
4β[42] := − 7
12
i
(
3e2t − 8
)
, (422)
4β[52] :=
7
12
i
(
3e4t − 11e2t + 8
)
, (423)
4β[62] := −
35iW4et
3
, (424)
4β[72] := 5iW6et , (425)
4β˜[32] := −
et
(
e2t − 2
)
2Wet
, (426)
4β˜[42] := −
et
(
11e2t − 16
)
6Wet
, (427)
4β˜[52] := −
et
(
3e4t − 11e2t + 8
)
4Wet
, (428)
4β˜[62] := −20
3
etW3et , (429)
4β˜[72] := 5etW5et , (430)
(5)
S51 = 0 , (431)
(5)
S50 =
32
3
√
π
1155
|E|3µWet(5(η − 1)η + 1)et ×
{
5∑
k=3
4β˜[k0]FS[k0](u)
}
, (432)
4β˜[32] := −1 , (433)
4β˜[42] := −5
3
, (434)
4β˜[52] :=
5W2et
2
, (435)
(6)
I66 = e−i 6KM e−i6φ0
32
√
2π
715 |E|3µ(5(η − 1)η + 1)
3e6t
×{
11∑
k=0
4α[k6]F[k6](u) +
11∑
k=1
4α˜[k6]FS[k6](u)
}
, (436)
4α[06] := e
6
t − 18e4t + 48e2t − 32 , (437)
4α[16] := −
(
e2t − 2
) (
e4t − 16e2t + 16
)
, (438)
4α[26] :=
1
60
(−437e6t + 3666e4t − 7536e2t + 4384) , (439)
4α[36] :=
1
30
(et − 1) (et + 1)
(
15e6t − 444e4t + 1648e2t − 1408
)
, (440)
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4α[46] := − 1
120
(et − 1) (et + 1)
(
283e6t − 7086e4t + 24208e2t − 19680
)
, (441)
4α[56] :=
1
120
W4et
(
15e6t − 5598e4t + 33488e2t − 37600
)
, (442)
4α[66] := − 1
60
W6et
(
719e4t − 1984e2t − 12560
)
, (443)
4α[76] := − 1
60
W8et
(
1605e4t + 8336e
2
t − 44496
)
, (444)
4α[86] := −14
15
W10et
(
369e2t + 406
)
, (445)
4α[96] :=
14
3
W12et
(
51e2t − 190
)
, (446)
4α[106] := 924W14et , (447)
4α[116] := −252W16et , (448)
4α˜[16] := −2ietWet
(
3e4t − 16e2t + 16
)
, (449)
4α˜[26] := 0 , (450)
4α˜[36] :=
−i(et Wet)
(
120e6t − 1251e4t + 3152e2t − 2192
)
30
, (451)
4α˜[46] :=
−i(et Wet)
(
329e6t − 2823e4t + 5984e2t − 3600
)
30
, (452)
4α˜[56] := −
−i(et W3et)
(
55e6t − 501e4t + 1216e2t − 880
)
20
, (453)
4α˜[66] :=
−i(et W5et)
(
301e4t − 3296e2t + 5360
)
15
, (454)
4α˜[76] :=
i(et W7et)
(
27e4t + 704e
2
t − 1776
)
12
, (455)
4α˜[86] := −
56iW7etet
(
2e4t + 51e
2
t − 53
)
5
, (456)
4α˜[96] :=
28iW9etet
(
12e4t − 35e2t + 23
)
3
, (457)
4α˜[10 6] := −672iW13et et , (458)
4α˜[11 6] := 252ietW15et , (459)
(6)
I65 = 0 , (460)
(6)
I64 = e−i 4KM e−i4φ0
64
√
π
195 |E|3µ(5(η − 1)η + 1)
11e4t
×{
9∑
k=0
4α[k4]F[k4](u) +
9∑
k=1
4α˜[k4]FS[k4](u)
}
, (461)
4α[04] := 8− 8e2t + e4t , (462)
4α[14] := −e4t + 8e2t − 8 , (463)
4α[24] :=
1
60
(−237e4t + 1096e2t − 936) , (464)
4α[34] :=
1
90
(−15e6t − 97e4t + 456e2t − 344) , (465)
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4α[44] := − 1
360
(et − 1) (et + 1)
(
1629e4t − 10888e2t + 12584
)
, (466)
4α[54] :=
1
360
W4et
(
165e4t − 4264e2t + 9384
)
, (467)
4α[64] :=
7
45
W6et
(
31e2t − 356
)
, (468)
4α[74] :=
1
9
W8et
(
57e2t − 170
)
, (469)
4α[84] := 49W10et , (470)
4α[94] := −
49W12et
3
, (471)
4α˜[14] := −4ietWet
(
e2t − 2
)
, (472)
4α˜[24] := 0 , (473)
4α˜[34] := −
i(et Wet)
(
40e4t − 217e2t + 234
)
15
, (474)
4α˜[44] := −
i(et Wet)
(
209e4t − 973e2t + 874
)
45
, (475)
4α˜[54] :=
i(et W3et)
(
75e4t − 431e2t + 466
)
30
, (476)
4α˜[64] := −
2i(et W5et)
(
251e2t − 936
)
45
, (477)
4α˜[74] :=
1
18
iW7etet
(
33e2t − 248
)
, (478)
4α˜[84] := −98
3
iW9etet , (479)
4α˜[94] :=
49
3
ietW11et , (480)
(6)
I63 = 0 , (481)
(6)
I62 = e−i 2KM e−i2φ0
32
√
2π
13 |E|3µ(5(η − 1)η + 1)
33e2t
×{
7∑
k=0
4α[k2]F[k2](u) +
7∑
k=1
4α˜[k2]FS[k2](u)
}
, (482)
4α[02] := e
2
t − 2 , (483)
4α[12] := 2− e2t , (484)
4α[22] :=
97
30
− 39e
2
t
20
, (485)
4α[32] :=
1
90
(−51e4t + 95e2t − 44) , (486)
4α[42] := − 7
72
(
27e4t − 89e2t + 62
)
, (487)
4α[52] := − 7
360
W4et
(
21e2t − 26
)
, (488)
4α[62] :=
175W6et
36
, (489)
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4α[72] := −
25W8et
12
, (490)
4α˜[12] := −2ietWet , (491)
4α˜[22] := 0 , (492)
4α˜[32] :=
iet
(
40e4t − 137e2t + 97
)
30Wet
, (493)
4α˜[42] :=
iet
(
137e4t − 384e2t + 247
)
90Wet
, (494)
4α˜[52] := −
iWetet
(
87e4t − 284e2t + 197
)
60
, (495)
4α˜[62] := −25
9
ietW5et , (496)
4α˜[72] :=
25
12
ietW7et , (497)
(6)
I61 = 0 , (498)
(6)
I60 =
64
33
√
10π
273
|E|3µ(5(η − 1)η + 1)
{
5∑
k=0
4α[k0]F[k0](u)
}
, (499)
4α[00] := 1 , (500)
4α[10] := −1 , (501)
4α[20] := −77
60
, (502)
4α[30] :=
7W2et
10
, (503)
4α[40] :=
35W2et
24
, (504)
4α[50] := −
7W4et
8
. (505)
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